TOWARD DIRICHLET'S UNIT THEOREM ON ARITHMETIC VARIETIES 



ATSUSHI MORIWAKI 

Abstract. In this paper, we would like to propose a fundamental question about 
a higher dimensional analogue of Dirichlet's unit theorem. We also give a partial 
answer to the question as an application of the arithmetic Hodge index theorem. 
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Introduction 

Let X be a d-dimensional, generically smooth, normal and projective arithmetic 
variety. Let Rat(X)* := Rat(X) x ® z 1R and let 

Or : Rat(X)* -> Drv c »(X) K 

be the natural extension of the homomorphism Rat(X) x — > Divc»(X) given by 

(p i — > (<p). Let D = (D,g) be an arithmetic IR-Cartier divisor of C°-type on X. We 

say D is pseudo-effective if D + A is big for any big arithmetic IR-Cartier divisor A 
of C°-type on X. In this paper, we would like to propose a fundamental question: 

Fundamental question. Are the following conditions (1) and (2) equivalent ? 
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(1) D is pseudo-effective. 

(2) D + (<p) R is effective for some <p G Rat(X) x . 

Obviously (2) implies (1). Moreover, if H°(X,aD) ? {0} for some a G IR >0 , then 
(2) holds. Indeed, as we can choose <p G Rat(X) x with aD + (<p) > 0, we have 

<p l/a G Rat(X) x and D + (^> 1/fl ) ]R > 0. In the geometric case, (1) does not necessarily 
imply (2). For example, let d be a divisor on a compact Riemann surface M such 
that deg($) = and the class of $ in Pic(M) is not a torsion element. Then it is 
easy to see that 8 is pseudo-effective and there is no element xp of Rat(M) x (8>z 1R 
such that B + (i/>)r is effective (cf. Remark |3X4]). In this sense, the above question 
is a purely arithmetic problem. 

We assume d = 1, that is, X = Spec(0 K ), where K is a number field and K is 
the ring of integers in K. Let K(C) be the set of all embeddings K into C and let £ 
be an element of R K(C) such that Z, ff £K(C) £a = and E, a = B, s for all o G K(C). As we 

will observe in Subsection 13.41 (0, E) + (cp) R > for some <p G Rat(X) x if and only 
if there exist a\, . . . , a r G R and u\, . . . , u r G such that 

<p = i/f 2 ---<' /2 and (0,^) + (S R = 0, 

which is nothing more than Dirichlet's unit theorem. In this sense, the above 
problem is a generalization of Dirichlet's unit theorem on arithmetic varieties. 
The following theorem is our partial answer to the above question. 

Theorem 0.1. If D is pseudo-effective and D is numerically trivial on Xq, then there 
exists <p G Rat(X) R such that D + (cp) R is effective. 

On an arithmetic curve, the assertion actually follows from Dirichlet's units 
theorem. On a higher dimensional arithmetic variety, it is a consequence of 
arithmetic Hodge index theorem and Dirichlet's units theorem. Our theorem 
however treats only the case where D is scanty. For example, if D is ample, the 
problem seems to be difficult to get a solution. For this purpose, we introduce a 
notion of multiplicative generators of approximately smallest sections. 

Let ( )r : Rat(X) R — > Div(X) R be the natural extension of the homomorphism 
Rat(X) x -> Div(X) given by (p h> (<f>). Here we define T R (X, D) to be 

T R (X, D) := [<p G Rat(X) R | D + (<p) R > o} . 

Let I : Rat(X) x — > L^ oc (X(C)) be a homomorphism given by <p \-> log \(p\. It extends 
to a linear map £ R : Rat(X) x —> Lj oc (X(C)). For cp G Rat(X) x , we denote exp(£^((p)) 
by \<p\. If cp G r x (X,D), then \<p\ exp(-g/2) is continuous (cf. Lemma |3.1.1|) , so that 
we define ||<p|| g/S up to be 

\\(p\\ g/Sup := max{(|(p| exp(-g/2)) (x) | x G X(C)} . 

Let <pi, . . . , <pi be elements of Rat(X) x . We say <pi, . . .,(pi are multiplicative genera- 
tors of approximately smallest sections for D if, for a given e > 0, there is n G Z >0 such 
that, for any integer n with n > n and H°(X, nD) ^ {0}, we can find fli, . . . , a/ G R 
satisfying <p" : ■ • • <p"' G T x (X, nD) and 

Hp? ■ • ■ flWngw < e en min {||^||^ sup | <f> G H°(X, nD) \ {0}} . 
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If we admit the existence of multiplicative generators of approximately smallest 
sections, then we can find <p G T* (X, D) such that ||<p||g, SU p gives rise to 

inf {ll^ll^sup I ^ e r^(X,D)j 

(cf. Theorem |3.6.3|) . As a consequence, we have the following partial answer to 
the above question. 

Theorem 0.2. IfD is pseudo-effective, D is big on the generic fiber ofX — > Spec(Z) and 
D possesses multiplicative generators of approximately smallest sections, then there exists 
cp G Rat(X)* such that D + ((p) R > 0. 

For the proof, we need the following compactness theorem. 

Theorem 0.3. Let H be an ample arithmetic R-Cartier divisor on X. Let A be a finite set 
and let |Da] be a family of arithmetic "R-Cartier divisors ofC°°-type with the following 
properties: 

(i) degiT?' 1 ■ D A ) = 0/or all AeA. 

(ii) For each A G A, there is an F '^-invariant locally constant function p A on X(C) 
such that _ _ _ 

Cx tp A ) AcM hd - 2 = p^m^ 1 - 

(iii) |Da| is linearly independent in Div c »(X) R . 
Fhen the set 



[a g R 



A 



D + Yj^Da >0 



AeA 



is convex and compact for D e Div c o(X) K . 

For example, as an application of the above compactness theorem and the 
arithmetic Riemann-Roch theorem on arithmetic curves, we can give a proof of 
Dirichlet's unit theorem (cf . Subsection |3.4[) , which indicates that the theory of 
arithmetic IR-Cartier divisors is not an artificial material, but it actually provides 
realistic tools for arithmetic problems. Here we would like to give the following 
question: 

Question 0.4. If D is big on the generic fiber of X — > Spec(Z), then does D have 
multiplicative generators of approximately smallest sections ? 



Conventions and terminology. We basically use the same notation as in [17 [. 
Here we fix several conventions and the terminology of this paper. Let K be 
either Q or 1R. Moreover, in the following 3 ~ 6, X is a d-dimensional, generically 
smooth, normal and projective arithmetic variety. 

1. Let M be a fc-equidimensional complex manifold. The space of real valued 
continuous functions (reps C°°-functions) onM is denoted by C°(M) (resp C°°(M)). 
Moreover, the space of currents of bidegree (p, q) is denoted by D p,cl (M). Let N p,q (M) 
be the space of currents T of bidegree (p, q) such that T(rj) = for all d-closed C°° 
(k — p,k — ^)-forms with compact support. 
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2. Let S be a normal and integral noetherian scheme. We denote the group of 
Cartier divisors (resp. Weil divisors) on S by Div(S) (resp. WDiv(S)). We set 

Div(S) K := Div(S) ® z K and WDiv(S) K := WDiv(S) ® z K. 

An element of Div(S) K (resp. WDiv(S) K ) is called a K-Cartier divisor (resp. K-Weil 
divisor) on S. We denote the group of principal divisors on S by PDiv(S). Let 
Rat(S)* := Rat(S) x ® z K, that is, 

Rat(S) x = {(pf 1 ■ ■ ■ (p® ai \ (pi, . . . ,(pi e Rat(S) x and a lf . . . , a x e K} . 

The homomorphism Rat(S) x — > Div(S) given by <p i-> ((£) naturally extends to a 
homomorphism 

( ) K : Rat(S) x -> Div(S) K , 

i.e. ((/)® fll • • • <pf a ') = ai((pi) H \-ai(<pi). By abuse of notation, we sometimes denote 

( ) K by ( ). We define PDiv(S) K to be 

PDiv(S) K := {(<p) K |<p£Rat(S) x ). 

Note that 

PDiv(S) K := ({(<f>) | <j> e Rat(S) x }) K c Div(S) K . 
An element of PDiv(S)K is called a principal K-divisor on S. 

3. Let X Spec(Ox) — > Spec(Z) be the Stein factorization of X — > Spec(Z), 
where K is a number field and is the ring of integers in K. We denote by K(C) 
the set of all embedding of K into C. For a e K(C), we set X a := X Xg pec(c , K) Spec(C), 
where Xg pec(c , K) means the fiber product over Spec(Ox) with respect to a. Then 
{X a } ae K(C) gives rise to the set of all connected components of X(C). For a locally 
constant function A on X(C) and o £ K(C), the value of A on the connected 
component X a is denoted by A a . Clearly the set of all locally constant real valued 
functions on X(C) can be identified with R K(C) . The complex conjugation map 
X(C) X(C) is denoted by F OT . Note that F 0O (X a ) = X- a . 

4. Let C be a class of real valued continuous functions. As examples of C, we can 
consider C°, C°°, C° n PSH and so on, where C° n PSH is the class of continuous 
plurisubharmonic functions. A pair D = (D, g) is called an arithmetic K-Cartier 
divisor ofC-type if the following conditions are satisfied: 

(a) D is a K-Cartier divisor on X, that is, D = YIi=\ a i^i f° r some D\, ...,D r e 
Div(X) and a 1 ,...,fl r eK. 

(b) g : X(C) -> RU {±00} is a locally integrable function and g o F OT = g (a.e.), 
where F OT : X(C) — > X(C) is the complex conjugation map. 

(c) For any point x £ X(C), there are an open neighborhood U x of x and a 
function u x on U x such that u x belongs to the class C and 

r 

g = U x + Yj(- a d lo g l^l 2 



on Lf x , where fi is a local equation of D ; over U x for each i. 
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Let Div c (X)]K be the set of all arithmetic K-Cartier divisors of C-type. Note that 
there are natural surjective homomorphisms 

Div c o(X) <g> z R -» Div c o(X) K and Div c »(X) <g) z 1R -> Divc~(X) R 

and that they are not isomorphisms respectively For details, see | }17| . For D G 
Div c o(X) K , the current dd c ([g]) + 6 D is denoted by Ci(D). Note that Ci(D) is locally 
equal to dd c ([u x ]). If D is of C°°-type, then Ci(D) is represented by a C°°-form. By 
abuse of notation, we also denote the C°°-form by Ci(D). 

5. The group of arithmetic principal divisors on X is denoted by PDiv(X). The 
homomorphism Rat(X) x — > Div c »(X) given by <fi h-» ((£) has the natural extension 

K :Rat(X)* -+Div c ~(X) K , 

that is, (<p) = fli((^i) + ••• + for <p = (p® ai ■ ■ ■ (pf"' . For simplicity, ( ) K is 

occasionally denoted by ( ). We define PDiv(X) K to be 

PDiv(Xk := {(Sk I <P G R at(X)^} . 

Note that 

PDiv(X) K := ({(f) | (/) e Rat(X) x }) K C Drv c »(X) K . 
An element of PDiv(X) K is called an arithmetic principal "K-divisor on X. 

6. An arithmetic 'K-Weil divisor of C° -type (resp. C°°-type) on X is a pair D = (D, g) 
consisting of a K-Weil divisor D on X and a D-Green function g of C°-type (resp. 
C°°-type). We denote the group of arithmetic K-Weil divisors of C°-type (resp. of 

C°°-type) on Xby WDiv c o(X) K (resp. WDiv c »(X) K ). It is easy to see that there is a 
unique multi-linear form 

a : (f3iv c »(X) K ) C? " 1 x WDiv(X) K -> 1R 

such that a(Di,..., D d _ lf T) = deg(Di|~ • • • D d _i|~) for D lf . . . , D d _i G Div c »(X) and 
a prime divisor T with T £ Supp(Di) U • • • U Supp(Drf_i), where T is the nor- 
malization of r. We denote a(D lf . .., Dd-\, D) by deg(Dx • • • D^-i • (D, 0)). Fur- 
ther, for Di,...,D rf _i G Div c »(X) K and D = (D,g) G WDiv c o(X) K/ we define 

deg(Di • • • D d _! • D) := deg(Di • • • D rf _! • (D, 0)) + \ f gc 1 (D 1 ) A • • • A d^). 

z Jx(C) 

7. For a set A, let 1R A be the set of all maps from A to R. The vector space 
generated by A over R is denoted by R(A), that is, 

R(A) = {a G R A | fl(A) = except finitely many A G A}. 

For a G R A and A G A, we often denote fl(A) by a A . 
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8. Let V be a vector space over R and let ( , ) be an inner product on V. For a 
finite subset {x 1 , . . . , x r ) of V, we define vol({xi, . . . , x r }) to be the square root of the 
Gramian of with respect to ( , ), that is, 



vol({xi,...,x r }) 



det 



f {X\,X\) {X\,X2/ ■■■ (Xi,X r Y 
(X2,Xi) {Xi,Xj) ■■■ (x 2 ,X r ) 

J^X r , X\) (,X r ,X2) '■■ (X;-, X r ) 



For convenience, we set vol(0) = 1. Note that if V = R" and ( , ) is the standard 
inner product, then vol({xi, . . .,x r }) is the volume of the parallelotope given by 
{a%xi h h a r x r | < fli < 1, . . . , < a r < 1}. 



1. Preliminaries 

In this section, we prepare several materials for later sections. Let us begin with 
elementary results on linear algebra. 

1.1. Lemmas of linear algebra. Here we would like to provide the following four 
lemmas of linear algebra. 

Lemma 1.1.1. Let Mbe a "Z^-module. Then we have the following: 

(1) For x g M <8> z R, there are X\, . . . , X\ e M and a\,...,a\ e R such that a\,...,a\ 
are linearly independent over Q and x = X\ <g> a\ H v x\ <8> a\. 

(2) Let X\,...,X\ G M and a\, . . . , a\ e R swc^ ffozi «!,...,«/ are linearly independent 
over Q. If xi (8) fli + — h x/ <8> a/ = m M <2>z R, i^en Xi, . . . , X\ are torsion elements 
in M. 

(3) If N is a submodule ofM, then (M <g> z Q) n (N ® z R) = N ® z Q. 

Proof. (1) As x G M <8> z R, there are a' v ...,a' r G R and x[, . . . , x' r G M such that 
x = Xj (8) a' x + • • • + x' r ® a' r . Let a\, . . . , a\ be a basis of (a^, . . . , a£)g over Q. Then 

there are c,- ; G Q such that a' ( = Ylj=\Ci) a j- Replacing Uj by Uj/n (n G Z >0 ) if 
necessarily, we may assume that Cy G Z. Ifwesetx ; = X!,- =1 c j; x^, then Xi, . . . , %\ G M, 
x = X\ (8) fli H + x s ®a s and a\,...,a s are linearly independent over Q. 

(2) We set M = Zxi + ■ • ■ + Zx/. Then, since R is flat over Z, the natural ho- 
momorphism M' <8> R — > M (8) R is injective, and hence we may assume that M is 
finitely generated. Let M tor be the set of all torsion elements in M. Considering 
M/Mtor, we may further assume that M is free. Note that the natural homomor- 
phism Zflx • • • Zfl; -> R is injective. Thus M <8> z (Zfl x ■ ■ • Za ; ) M <8> z R is 
also injective because M is flat over Z. Namely, 

(M <8> z Zfli) • • • (M <8> z Zfl;) -h> M <8> z R 

is injective. Therefore, Xj (8> fli = • • • = X/ (8> a\ = 0. Thus Xi = • • • = X; = because the 
homomorphism M — » M <8> R given by x i— > x <8> fl; is also injective for each z. 

(3) It actually follows from [16 , Lemma 1.1.3]. For reader's convenience, we con- 
tinue its proof in an elementary way. Let us consider the following commutative 
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diagram: 



-> N® Z Q M8 Z Q — (M/N)® Z Q > 



T.\l 



TM/N 



> N® Z R — M® Z R — (M/N)® Z R > 

Note that horizontal sequences are exact and vertical homomorphisms are injec- 
tive. Therefore, we have 

(M ® z Q) n (N <g> z R) = Ker(^ o t m ) = Ker(T M/N ° Qq) = Ker(p Q ) = N <8> z Q. 

□ 

Lemma 1.1.2. Let V be a finite dimensional vector space over R and let ( , ) be an inner 
product on V. Let JLbe a non-empty finite subset of V and xsZ. Let h be the distance 
between x and (E \ {x})r (note that (0) R = {0}). Then we have the following {for the 
definition o/vol(E), see Conventions and terminology^: 

(1) vol(E) = vol(E \ [x})h. 

(2) vol(E) < vol(E \ {x}) \ '(x,x). In the case where E \ {x} consists of linearly 
independent vectors, the equality holds if and only ifx is orthogonal to (E \ {x}) R . 

(3) We assume that E \ {x} consists of linearly independent vectors and x + 0. If 6 is 
the angle between x and (E \ {x})r, then 

: = sin(0). 

y{x,x) vol(E \ {x}) 

Proof. (1) If #(E) = 1, then the assertion is obvious, so that we may set E = 
{%\, . . . , x n ], where X\ = x and n = #(E) > 2. li x 2/ . .., x n are linearly dependent, 
then vol(E) = vol(E \ {x\}) = 0. Thus the assertion is also obvious for this case. 
Moreover, if X\ e (x 2 , . . .,x,.) R , then h = vol(E) = 0. Thus we may assume that 
X\f x 2 / ■ ■ ■ , x n are linearly independent. Let \e\, e2,...,e r }be an orthonormal basis 
of (xi, x 2 , ■ ■ ■ , x,.) R such that {e 2 , . . . , e r \ yields an orthonormal basis of (x 2 , . . . , x r ) K . 
We set Xj = 2^,/=i Then h = \an\ and an = for z = 2, . . . , r. Further, if we set 
A = (a,;)i<i,;< r and.A' = (flj ; ) 2 <i, ; ^, then vol(E) = | det(A)| and vol(E\{xi}) = |det(A')l- 
Thus the assertion follows. 

(2) and (3) follow from (1). □ 

Lemma 1.1.3. Let V be a vector space over R and let { , ) : V x V — > R be a negative 
semi-definite symmetric bi-linear form, that is, (v,v) < for all v e V. For x £ V, the 
following are equivalent: 

(1) (x,x) = 0. 

(2) (x, y) = Ofor all yeV. 

Proof Clearly (2) implies (1). We assume (x,x) = and (x, y) ± for some y £ V. 
First of all, 

> (y + tx, y + tx) = (y, y) + 2t(x, y) 

for all t £ R. Thus, if we set t = -(y, y)/(x, y), then the above implies (y, y) > 0, 
and hence (y,y) = 0. Therefore, if we set t = (x,y)/2, then we have (x, y) 2 < 0, 
which is a contradiction because (x, y) + 0. □ 
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Lemma 1.1.4 (Zariski's lemma for vector spaces). Let K be either Q or R. Let Vbea 
finite dimensional vector space over K, and let Q : V x V — > IR be a symmetric bi-linear 
form. We assume that there are e G V and generators e\,...,e n ofV with the following 
properties: 

(i) e = a\e\ H + a n e n for some a\,...,a n G K >0 . 

(ii) Q(e,ej) < for all i. 

(iii) Q{ei,ej) > for all i + j. 

(iv) If we set S = {(i, j) \ i + j and Q(ei, ej) > 0}, then, for any i + j, there is a sequence 
i\, . . . ,U such that i\ = i, i\ = j, and (i t , U+\) G S for all 1 < t < I. 

Then we have the following: 

(1) IfQ(e,ei) < for some i, then Q is negative definite, that is, Q(x,x) < for all 
x G V, and Q(x, x) = if and only ifx = 0. 

(2) If Q(e,ei) = Ofor all i, then Q is negative semi-definite and its kernel is Ke, that 
is, Q(x,x) < Ofor all x e V, and Q(x,x) = if and only ifx e Ke. 

Proof Replacing e ; by we may assume that a\ = ••• = a n = 1. If we set 
x = X\e\ + ■ ■ ■ + x n e n for some X\, . . . , x n G K, then we can show 

Q(x,x) = ^ xfQ(e if e) - - Xj) 2 Q(e lr ej). 

i i<j 

Thus our assertions follow from easy observations. □ 

1.2. Proper currents and admissible continuous functions. Throughout this 
subsection, we fix a fc-equidimensional complex manifold M. A current of bidegree 
(I, I) on M is said to be proper if, for any x G M, there are an open neighborhood U x of 
x and d-closed positive currents T\, T 2 of bidegree (I, I) on U x such that T = T\ - T 2 
over U x . We denote the space of proper currents of bidegree (I, I) by D ' (M). As a 
proper current is of order 0, for / G C°(M) and T G D'(M), we define the wedge 
product dd c ([f]) A T of dd c ([f]) and T to be 

dd c ([f]) A T := dd c (fT), 

that is, (dd c ([f]) A T)(rj) = T(fdd c (rj)) for a C°°-form rj of bidegree (Jt- 1 - 1, Jfc- / - 1). 
It is easy to see that the map 

C°(M) x Dpj(M) -» D /+1 ' /+1 (M) 

given by (/, T) i-> rfd c ([/]) A T is multi-linear. 

A continuous function / : M — > R is said to be admissible if, for any point 
x G M, there are an open neighborhood U x of x and continuous plurisubharmonic 
functions (pi, <p 2 on U x such that f = (pi~(p2 over IT*. Note that dd c ([/]) is a proper 
current of bidegree (1, 1). The space of admissible continuous functions on M is 
denoted by C° d (M). It is easy to see that C°°(M) c C° d (M) (cf. the proof of (3) in 
Lemma fl.2.11) . Moreover, let B^(M) be the space of currents T of bidegree (1, 1) 
such that T = dd c ([(p]) locally for some admissible continuous function (p on each 
local open neighborhood. As a d-closed positive C°°-form of bidegree (1, 1) can 
be locally written as rfrf c (C°°-function) (cf. 15, Chapter 3, (1.18)]), any d-closed real 
C°°-form of bidegree (1, 1) on M belongs to B* d (M). 

An upper semicontinuous function /:X->RU {-°°} is called a quasiplurisub- 
harmonic function on X if / is locally a sum of a plurisubharmonic function and a 
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C°° -function. We denote the space of all continuous quasiplurisubharmonic func- 
tions onMby (C° n QPSH)(M). Clearly (C° n QPSH)(M) c C° d (M). The subspace 
generated by (C° n QPSH)(M) in C° d (M) is denoted by <(C° n QPSH)(M)>r. For a 
real continuous form a of bidegree (1, 1), we define C° d (M; a) to be 

C° d (M;a) := {/ G C° d (M) | dd c ([f]) + a>o}. 

Note that C° d (M;a) c (C° n QPSH)(M) (cf. the proof of (3) in Lemma E2J). Let 
us begin with the following lemma. 

Lemma 1.2.1. (1) If A £ B^(X) and T e D^(X), fen A AT e D l £' M (X). More- 
over, if A and T are positive, then A AT is also positive. 

(2) For A x , . . .,A r e #^}(M) ««d T e D^ r (M), fe wedge product 

Ax A ■ ■ ■ A A r AT 

of currents Ax, ...,A r and T is defined inductively as an element of D r p + T l ' r+l (M) by 
using (1), that is, 

Ax A ■ ■ ■ A A r A T = Ax A (A 2 A ■ ■ ■ A A r A T). 

Then the map B^{NS) r -> D' p + J' r+l (M) given by 

(Ax,...,A r ) i-» Ax A • • • A A r A T 

is multi-linear and symmetric. 

(3) Lei a be a real continuous form of bidegree (1, 1). Le£ {/i, n }°° =1 , . . . , {/,-,n}" =1 
sequences in C° ad (M;a) such that {/1>}" =1 converges locally uniformly to f £ 
^-ad^' a )/ or eflC ^ z - Then, for T e Dp r (M), a sequence 

{fi,«dd c ([f 2 J) A ■ ■ ■ A dd c ([f r J) A T}Zx 
converges weakly to 

fxdd c ([f 2 ]) A • ■ • A dd c ([f-]) A T. 

Proof. (1) This is a local question, so that we may assume that there are continuous 
plurisubharmonic functions <ftx,(p2 and d-closed positive currents T lf T 2 such that 
A = dd c ([(px]) - dd c ([(p 2 ]) and T = T t - T 2 . Therefore, 

A A T = (dd c ([(px]) ATx+ dd c ([(p 2 ]) A T 2 ) - [dd c ([(px]) AT 2 + dd c ([(p 2 ]) A T x ) , 

as required. The second assertion is obvious. 

(2) The multi-linearity of B^(M) r -> D' p + r l ' r+l (M) is obvious. For symmetry, it is 
sufficient to see that following claim: 

Claim 1.2.1.1. Let f and g be continuous plurisubharmonic functions on M and let T be 
a proper current on M. Then dd c ([f]) A dd c ([g]) AT = dd c ([g]) A dd c ([f]) A T. 

Proof. If / is C°°, then, for a C°°-form r\, 

(dd c (f) A dd c ([g]) A T)(rf) = (dd c ([g]) A T)(dd c (f) A rf) = T(gdd c (dd c (f) A rf)) 

= T(gdd c (f) A dd c {rf)) = (dd c (f) A T){gdd c {rf)) = (dd c ([g]) A dd c (f) A T)(rf). 

Otherwise, as the question is a local problem, we can find a sequence of C°° 
plurisubharmonic functions {/„} such that {/„} converges locally uniformly to 
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/. Then {dd c (f n ) A dd c ([g]) A T} and {dd c ([g]) A dd c (f n ) A T} converge weakly to 
dd c ([f]) A dd c ([g]) A T and dd c ([g]) A dd c ([f]) A T respectively (cf. £1 Corollary 3.6 
in Chapter 3]), and hence the assertion follows. □ 

(3) This is also a local question. For x G M, let us consider a local coordinate 
(zi, ...,Zk) over an open neighborhood U x of x. As dd c (log(l + |zi| 2 + • • • + |zjt| 2 )) is 
a positive form, shrinking U x if necessarily, we can find A > such that 

Add c (log(l + \z 1 \ 2 + --- + \z k \ 2 )) > a 

over U x . Thus, if we set ip = A log(l + \z\\ 2 H h |Z)t| 2 ), then /; + gi + if>, f /n + i]j and 

„ + i/> are continuous and plurisubharmonic over U x for all i and n. Therefore, 
(3) is a consequence of the convergence theorem for plurisubharmonic functions 
(cf. Corollary 3.6 in Chapter 3]). □ 

Next we consider the following lemma. 

Lemma 1.2.2. We assume that M is compact. 

(1) Let a be a positive continuous form ofbidegree (1,1). If f g (C° n QPSH)(M), 
fhen fhere is a positive number t such that f e C° d (M; ta)for all t > t . 



(2) For f,g€ <(C° n QPSH)(M)) R and T e Dj r (M), 



/dd c ([g]) A T = gdd c ([/]) A r mod N /+1 ' /+1 (M) 

(for the definition ofN l+1,l+1 (M), see Conventions and terminology^). 
(3) Let Tbe a d-closed positive current ofbidegree (k — l,k- 1). Then 

f fdd c ([f]) A T < 
Jm 

/or / G <(C° n QPSH)(M)) R . 

Proof. (1) For each point xeX, there are an open neighborhood U x of x, a plurisub- 
harmonic function p x on U x and a C°° -function g Y on U x such that / = p x + q x over 
LZ X . If we consider a smaller IT*, then we can write a and dd c (q x ) as follows: 

a = V-I^P «yrfz, A dz ; - and dd c (q x ) = V-l / i /fyiz; A dfy, 

where (zi,...,Zfc) is a local coordinate on Lr x . As (cti/x)) is a positive definite 
hermitian matrix, we can find a positive number s x such that s x (j3 !; (x)) + (« !; (x)) 
is positive. Note that s x (j3 !; ) + (cn ;; ) is continuous on U x . Thus, shrinking U x if 
necessarily, s x (jS, ; ) + (a !; ) is positive on U x , and hence, for t>t x :=l/s x , 

dd c (q x ) + ta = (t - t x )a + t x (s x dd c (q x ) + a) > 

on U x . Because of the compactness of X, there are finitely many x\,..., x r G X with 
X = U Xl U ■ • ■ U U Xr . If we set fo = maxjf^, . . . , x Xr }, then, for t > to, 

dd c ([f]) + ta = dd c ([p x .]) + (dd c (q Xi ) + ta) 

is positive over lT Xi , as required. 

(2) By our assumption, there are f\,fi,g\,g2 G (C° n QPSH)(M) such that / = 
fx - f 2 and g = gi - g 2 . Therefore, we may assume that f,g G (C° n QPSH)(M). If 
/ is C°°, then, for a d-closed C°°-form rj of bidegree (A: - / — 1, fc - / - 1), 

(/rfd c ([g]) A D(r,) = T{gdd c {fr[)) = T(gdd c (f) Arf) = (gdd c (f) A T)(r/). 
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Otherwise, by (1), we can take a positive C°°-form a of bidegree (1, 1) with / e 
C° ad (X; a). Thus, by fl] or [ jlTl Lemma 4.2], we can find a sequence of C°°-functions 
{/„} in C® d (M ;a) such that {/„} converges uniformly to /. Therefore, by (3) in 
Lemma II .2.11 

f„dd c ([g]) A T and gdd c (f n ) A T 
converges weakly to fdd c ([g]) A T and gdd c ([f]) A T respectively. Thus (2) follows 
from the case where / is C°°. 

(3) First we assume / is C°°. Then, as 

3 ("2? /<5(/) ) = ^ 9{f) A B{f) + fddC(f) 
and T is enclosed, we have 

= ~(dT) (^f5{f)) = T(d l^fd{f)\\ = T (^d(f) A 5(f)\ + T(fdd c (f)). 
Note that 

T (~^ (/)A<5(/) )-°- 
Thus we have the assertion in the case where / is C°°. 

In general, by using (1), we can find continuous functions g, h on M and a 
positive C°°-form a such that g,h e C° d (M;«) and f = g-h. Thus, by HI or fllTl 
Lemma 4.2], there are sequences {g K }^ =1 and {h„}™ =1 of C°°-functions on M such 
that g n , h n e C° d (M; a) for all n > 1 and 

lim - g|| sup = lim \\h„ - h\\ sup = 0. 

n— >oo n— >oo 

Then, by (3) in Lemma 11.2.11 a sequence {(g n - h n )dd c (g n - h n ) A T} of currents 
converge weakly to (g - h)dd c ([g - h]) A T = fdd c ([f]) A T. Thus, (3) follows from 
the previous case. □ 

From now on, we assume that M is compact and Kahler. Let T be a rf-closed 
positive current of bidegree (k—l,k— 1). For /, g e C°,(M), we define 7t(/, g) to be 

W/S):= f fdd c ([g])AT. 
Jm 

Then we have the following proposition. 

Proposition 1.2.3. lj is a symmetric and negative semidefinite bi-linear form on 

<(C°nQPSH)(M)) R , 
that is, the following properties are satisfied: 

(1) I T (af + bf',g) = aI T (f,g) + bI T (f',g) and I T (f,ag + bg') = aI T (f,g) + bl T {f,g') 
hold for all f, f, g, g' e C° d (M) and a, b e R. 

(2) I T (f, g) = I T (g, f)for all I g e <(C° n QPSH)(M)) R . 

(3) I T (f,f) < for all f e <(C° n QPSH)(M)> R . 

Moreover, Zei A\, . . .,A^-\ € B^(M) and let cobe a Kahler form ofM. We assume that, 
for each i = 1, . . . , k - 1, there is e ; - £ R >0 with A\ > ejco . IfT = A\ A • • • A A^, then 

7t(/,/) = <=> f is a constant. 
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Proof. (1) is obvious. (2) follows from (2) in Lemma 11.2.21 (3) is a consequence 
of (3) in Lemma 11.2.21 Finally we consider the last assertion. Clearly if / is a 
constant, then h{f,f) = 0. We set 

V = (£"%) A • • • A (e^A^) = (<?!••• e/c-j)" 1 !. 

Then, as ev 1 Ai - cu is positive, by (1) in Lemma [1.2.11 there is a d-closed positive 
current T" of bidegree (A: - l,k — 1) such that T = oj k ~ l + T" . In particular, by (3), 

iAf,f)<L*Af,f)<o 

for / G <(C° n QPSH)(M)) K . Note that we can define a Laplacian by the 
equation: 

-dd c (f) A a/" 1 = (/ g C°°(X)). 

Therefore, 

7 T (/,/) = => Ip(/,/) = => Va(/,/) = 

=> ^AgJ) = for all g G C°°(X) (v Lemma EJ) 
=> ^cf ([/]) A a/" 1 = as a current 
=> □«([/]) = o 

==> / is harmonic ('.' the regularity of elliptic operators) 
=> / is a constant, 
as required. □ 

1.3. A variant of Gromov's inequality for R-Cartier divisors. In this subsection, 
we would like to consider a generalization of ||T5l Lemma 1.1.4] to R-Cartier 
divisors. 

Lemma 1.3.1. Let Xbe a d-dimensional compact Kiihler manifold and let cobe a Kahler 
form on X. Let D\, ...,Di be ~R-Cartier divisors on X. For each i = I,..., I, let gi be a 
Dj-Green function ofC°°-type. Let U be an open set ofX such that U is not empty on each 
connected component ofX. Then there are constants C\, . . ., Q > 1 such that C, depends 
only on gi and U, and that 

swp{\s\ mi g 1+ ... +ni[ g l (x)} < C 1 1 ■ • ■ Cj 1 s\xp{\s\ mi g 1+ ... +mi g [ (x)} . 

xeX xeU 

for all nti, ...,m\ G R> and all s G H°(X, m\D\ H + m/D/). Moreover, ifDj = and 

gi is a constant function, then Q = 1. 

Proof. Clearly we may assume that X is connected. Shrinking U if necessarily, we 
may identify U with {x G C d \ \x\ < 1}. We set W = {x G C d \ \x\ < 1/2}. In this 
proof, we define a Laplacian by the formula: 

I — T 

-^dd(g)Aco^ = UMco Ad . 

Let oo i be a C°°-form of (1, l)-type given by dd c ([gj]) + 5 Di = [cu,]. Let a t be a C°°- 
function given by ojj A co A( - d ~^ = aiC0 Ad . We choose a C°°-function (pi on X such 
that 



[ aiOJ Ad = [> 
Jx Jx 



<iO0 
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and that (pi is identically zero on X \ W. Thus we can find a C°°-function F, with 
□UF,) = a,- - f . Note that EUF/) = a { on X \ W. 
Let s £ H°(X, rniDi + • • • + m/D/). We set 

/ = |s|* lgl+ ... +m!g! exp(-(m 1 F 1 + ■■■ + m,Fj)). 

Note that / is continuous over X and log(/) is C°° over X \ Z s , where 

Z s = Supp((s) + niiDi H h m/D/). 

Claim 1.3.1.1. max I£X \wl/(^)) = max xe5(w) {/(x)}. 

If / is a constant over X \ W, then our assertion is obvious, so that we assume 
that / is not a constant over X \ W. In particular, s + 0. Since 

V-T - 

-^^^(log(|s|^ igi+ ... +m!g! )) = m x w x + ■■■ + mm over X \ Z s , 

we have EUlogC/)) = on X \ (W U Z s ). Let us choose x € X \ W such that the 
continuous function / over X \ W takes the maximum value at Xq. Note that 

x eX\(WUZ s ). 

For, if Z s = 0, then our assertion is obvious. Otherwise, / is zero at any point of 
Z s . Since log(/) is harmonic over X \ (W U Z s ), log(/) takes the maximum value 
at Xq and log(/) is not a constant, we have Xq g <9(W) by virtue of the maximum 
principle of harmonic functions. Thus the claim follows. □ 



We set 



b( = min {exp(-F,)}, B, = max{exp(-F/)} and Q = B,7&,-. 

xeX\W 1 xe<9(W) 



Then 



"l "/ ^m 1 g 1 +-+m,g, - J 



over X \ W and 



over <9(W). Hence 



f<B^---B^\s\ 



m 1 g l +-+m,g, 



which implies that 

max{\s\ 2 mgi+ ... +mg} } < • • • Cf max{\s\ 2 m lgl+ ... +mgl h 



as required. The last assertion is obvious by our construction because F, = in 
this case. □ 
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2. Hodge index theorem for arithmetic R-Cartier divisors 

In this section, we would like to observe the Hodge index theorem for arithmetic 
R-Cartier divisors and apply it to the pseudo-effectivity of arithmetic divisors. A 
negative definite quadric form over Q does not necessarily extend to a negative 

definite quadric form over R. For example, the quadric form q(x, y) = —(x + V2y) 2 
on Q 2 is negative definite, but it is not negative definite on R 2 . In this sense, the 
equality condition of Hodge index theorem for arithmetic R-Cartier divisors is 
not an obvious generalization. In addition, the equality condition is crucial to 
consider the pseudo-effectivity of R-Cartier divisors. 

Throughout this section, X will be a rf-dimensional, generically smooth, normal 
projective arithmetic variety. Moreover, let 

X Spec(C\) -> Spec(Z) 

be the Stein factorization of X — > Spec(Z), where K is a number field and K is 
the ring of integers in K. 

■ .Nef 

2.1. Generalized intersection pairing on arithmetic varieties. Let Div c0 (X) R be 
the subspace of Div c o(X) R generated by Nef c o(X) R . For D\, . . . , D d e Div c o (X) R , 
we can define the intersection number deg(Di • • • Dd) as follows: If D\, . . . ,Dd e 
Nef c o(X) K , then it is given by 

' <b*lQ{\,...4\ V iel t 

In general, we extend the above by multi-linearity (for details, see |fT7l § 6.4]). Note 

that if Di, . . . , Dd & Div c »(X) R , then deg(Di • • • Dd) coincides with the usual arith- 
metic intersection number because the self intersection number of a nef arithmetic 
R-Cartier divisor of C°°-type in the usual sense is equal to its arithmetic volume 
(cf. fTTl Claim 6.4.2.2]). The following proposition is the main result of this 
subsection. Especially, (3) means that the above intersection number coincides 
with other definitions ||20l Lemma 6.5], [21, §1] and ||TTl §5]. In this sense, this 
subsection provides a quick introduction to the generalized intersection pairing 
on arithmetic varieties. 

Here we need to fix a notation. Let u 1 ,...,u p e <(C° n QPSH)(X(C))) R and 
Bi,...,B p e B^(X(C)). Let J be a non-empty subset of {1, . . . , p} a nd / = {l,...,p}\L 
If we set I = {z'i, . . . , ik} and / = \)\, . . . , /;}, then, by Lemma ll.2.1[ the class of 

U ?1 d<f ([U;J) A • • • A dd c ([u ik ]) A B h A • • • A B jt 

in DP- 1 'P- 1 (X(C))/NP" 1 'P- 1 (X(C)) does not depend on the choice of z'i,...,4 and 
ji, . . . , //, so that it is denoted by udd c (ui) A Bj. 

— —, , Nef 

Proposition 2.1.1. (1) IfD = D + (0,t])for D,D e Div c0 (X) R and t] e C°(X), 
then rj G <(C° n QPSH)(X(C))) R . 



TOWARD DIRICHLET'S UNIT THEOREM ON ARITHMETIC VARIETIES 15 

(2) Let Di, ...jp A e Db^\x) K , A t/ ...,A d e 5h^(X) K and u 1 ,...,u d e C°(X) 
such that Di = A, + (0, u t )for i = l,...,d. Then the quantity 

deg(Ai---A0 + i Yj \ udd c {ui) A Ci(Aj) 

does not depend on the choice of A\, ...,Ad and u\,..., u&. If we denote the above 
number by deg (Di • • • Dd), then the map 

(5iv c o d (x) R ) rf -> R 

given by (Di, . . . , Dd) h> deg (Di • • • Dd) is symmetric and multi-linear. 

(3) dii(D! • • • 0^) = deg'(Di • • • D d ) for D v ...,D d e Dfr^ (X) R . 

(4) Lei Di, • • • , Dd, D v ■■■ ,D d e Div c0 (X) R and r\x,...,r\ d e C°(X) swc/z that Di = 
D { + (0, rji)for i = \,...,d. Then 

di£(D! • • • D d ) = de^p; • • • D d ) + i £ f rjid'fa,) A c^dJ). 

0^lc{l ; ... /( i] ^X(C) 



Proo/. (1) We can find E,F,E ,F e Nef c o(X) R such that D = E-F and D = E - F . 

Then, as E + F = E + F + (0, 77), the assertion of (1) is obvious if we compare two 

local equations of the Green functions in E + F and E + F. 

(2) In order to proceed with arguments, we need several notations. Let Z p (X) R 
be the set of all pairs (Z, T) such that Z is a codimension p R-cycle on X (i.e. 
Z = fliZi H \-a r Z r for some a\, . . . , a r e R and codimension p integral subschemes 

Zi, . . . , Z r of X) and F is a real current of bidegree (p - 1, p - 1) on X(C). Let R p (X)^ 
be the vector subspace generated by the following elements: 

(a) ((/), -[log |/| 2 ]), where / is a rational function on some integral closed 
subscheme Y of codimension p - 1 and [log |/| 2 ] is the current defined by 



[logl/l 2 ](y)= f (log|/| 2 )y. 

J no 



'Y(C) 

(b) (0, F), where F is a real current in N p_1 ' f,_1 (X(C)). (for the definition of 
N p_1 ' f '" 1 (X(C)), see Conventions and terminology [1]). 

We set 

CH P (X)^ := Z>(X) R /P>(X) R . 

Let A be an arithmetic R-Cartier divisor of C°°-type. Then we can define a homo- 
morphism 

F X (A> : CH P (X)^ -» CH P+1 (X)^ 
given by ci(A) • (Z, F) = ci(A) • (Z, 0) + (0, Ci(A) A F). Note that 

=?i(B)-'T 1 (A> 

for arithmetic R-Cartier divisors A and B of C°°-type. 
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Claim 2.1.1.1. The class of 

Z{Ai,....A p ,Ui,...,u p ):=7i{Ai)---7i{A p )+ Y (0, udd c {ui) A C\(Aj)) 

05*IC{l„..,p] 

in CH P (X)^ does not depend on the choice of A\, ...,A„ and U\,..., u p for p = l,...,d. 

Proof Let B\,...,B V be arithmetic R-Cartier divisors of C^-type and V\,...,v p £ 
C° d (X) such that D, = B, + (0,u ; ) for i = l,...,p. Then we can find C°°-function 

(^i, ...,(p p such that = + <pi and B, = A, + (0, (/),) for i = 1, . . . , p. We need to see 
that _ _ 

Z(Ai, . . . , A p , U\,.. .,u p ) = Z(Bi, . . . , Bp, V\, . . . , v p ) 

in CH P (X)^. We prove it by induction on p. If p = 1, then the assertion is obvious, 
so that we assume p > 1. By the hypothesis of induction, we have 

Z(A 2 , . . . , A p , 1/2, ... , Up) = Z(B 2 , . . . , Bp, Vz, . . . , Vp) 

p-i 

in CH (X)^, which implies 

7 x {Ai) ■ Z(A 2 , ...,A p ,u lr ...,u p ) = (ci(Bi) - ci(0, 0i)) • Z(B 2 , . . .,B v ,v z , . . . ,v p ) 
p-i 

in CH (X)^. The left hand side is equal to 
Z(Ai,...,Ap,u 1 ,...,u p ) - Y (0, udd c (uj) A C\(Aj)) 

leTc{l,.„,p) 

= Z(A 1 ,...,A p Mi,...,Mp) - ^ (0,Widrf C (Up) ACi(A;/)), 

I'c{2,-,p] 

where /' = {2, . . . , p} \ F. Moreover, the right hand side is equal to 
Z(B\, . . . , Bp, V\, . . . , v p ) - 

Y (0,v 1 dd c (v r )Ac 1 (B r )) 

VQ{2„..,p\ 

- ci(B 2 ) (Bp) -c^O, (f)i)- Yj ^(pi)-(O r vdd c (v r )A Cl (B r )) 

05fcl'c{2,...,p) 

= Z(B l ,...,B~p,v l ,...,Vp)- Yj (0,Vidd c (v F )Aci(B v ))- Y (0,^ c (^)Aci(B 7 0) 

7'c(2,.. v p) I'c{2,...,p) 

= Z(B 1/ ...,B p ,t; 1 ,... / t7p)- Y (0,uidd c (v r ) Ad(B r )). 

I'Q{2 pi 

p-1 

in CH (X)^. Therefore, we can see that 

Z(Ai, . . . , A p , ui, . . . , u p ) - Z(Bi, . . . , Bp, V\, . . . , v p ) 

is equal to 

0, U\ d\vv) A Ci(Bj')J 

7'c(2,...,p) 

which is zero by the following Lemma I2.1^2l □ 
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Applying the above claim to the case where p = d, the first assertion follows. 
The second assertion can be easily checked by using its definition. 

(3) For this purpose, it is sufficient to show that deg (D ) = vol(D) for D = 

(D,g) G Nef c o(X) R . Let A be an ample arithmetic Cartier divisor of C°°-type. We 
assume 

deg ((D + (l/n)A) d+1 ) = vol(D + (l/n)A) 

for all n > 0. Then, using the continuity of vol, we can see deg (D ) = vol(D). 
Thus we may assume D is ample, so that there is a D-Green function h such that 

a := Ci(D, h) is positive. We set D = (D, h) and <p = g-h. Then (p is continuous and 
dd c ([<p])+a > 0. Therefore, by [l] or |T7[ Lemma 4.2], we can take a sequence of C°°- 
functions {<ft n } such that lim^oo \\<p n - <p\\ sup = 0, and that <ft < <p n and <p n £ C° d (X; a) 

for all n. We set D„ = D + (0, (p n ). Then D„ is a nef arithmetic R-Cartier divisor 

of C°°-type, and hence deg = vol(D„) for all n by (17J Claim 6.4.2.2]. As 

lim^oo vol(D„) = vol(D) by the continuity of vol, it is sufficient to see that 

lim d^(D n ) = deV(D*). 

n— >oo 

Note that 

dei'(D^) = dei'((D + (0,c£„)) d ) = d^(D *) + Y( d ) f <M*W _1 A a*"'. 

In addition, by (3) in Lemma [1.2. 11 {(p n dd c ((p n ) t ~ 1 A converges weakly to 

§dd c {[<0- 1 A 
for each i. Thus we have the assertion. 

(3) By using the symmetry and multi-linearity of deg(Di • • • D^), it is sufficient 
to see that 

dei((0,r ]l )-D 2 ---D rf ) = i £ f t]\dd c (ui) A ^(Dj), 

lQi2,...,d) ^ X ( C ) 

which is a straightforward calculation by using the definition in (2). □ 

Lemma 2.1.2. Lef V and W be vector spaces over R and Ze£ / : V s — > W be a symmetric 
multi-linear map. Let a\, . . . , a s , b\,...,b s be elements of V. For a subset I of {I, ... ,s}, 
we set I = {z'i, . . . , 4} and } = \]\, where } = {1, . . . ,s] \ I and k + l = s. Then 

f(a il ,...,a ik ,b h ,...,b h ) 

does not depend on the choice of i\, . . . ,ik and ji, ji, so that it is denoted by f(aj, bj). 
Let ai,..., a s , b\,..., b s , C\,..., c s , d\,...,d s be elements of V. We assume that there are 
U\, . . . ,u s G V such that a, = c, + w, and b{ = d{ - Uifor alii = 1, ... , s. Then 

Yj f( a i> b j)= Yj f( ci > d ti- 

IE{l,...,s) lQ{l,~.,s] 
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Proof. We prove the lemma by induction on s. If s = 1, then 
Y f(a h bj) = f(ai) + f(h) = /(ci + ui) + f(d x - ui) = f(ci) + f(d x ) = Y f( c i> d j)- 

Ic{l,...,s| l£{l,...,s} 

Thus we assume s > 1. By the hypothesis of induction, we have 

/ , f{a\,a v ,by) = Y f(ai,cp,dj') 



I'Q{2,. 



J'£|2,. 



and 



where /' = {2, 



Y f(b 1 ,a l ,,b r )= Y f(h> °i' > d Y )' 

7'c(2,...,s| I'Q[2,...,s} 

. , s\ \ Y . The first equation and the second equation imply that 
Y f(ai,bj)= Y f(ci> d j)+ Y f( u ^' c i'' d J') 



Ielc{l,... /S } 



le7cji,..., s } 



I'Q\2,...,s) 



and 



Y f( a i> b j)= Y f( Cl ' d rf~ Yj f( u i> c i'> d J') 

WQ[l,...,s} 10Q{l,...,s} l'Q{2,...,s\ 

respectively Thus the lemma follows. 



□ 



2.2. Hodge index theorem for arithmetic R-Cartier divisors. First of all, let us 
fix notation. Let K be either Q or 1R. Let H be an ample K-Cartier divisor on X. 
Let D be a K-Cartier divisor on X and let E be a vertical K-Weil divisor on X. 
We set E = £, i=1 ^T,, where a\, . . . , a.\ e K and Y\,...,Y\ are vertical prime divisors. 
Then a quantity 



^a ; deg((H| r ,f 2 -(D| r ,)) 

! = 1 



is denoted by deg H (D • E). Note that if X is regular and D and E are vertical, 
then deg H (D • E) = deg H (E • D). We say D is divisorially n-nef with respect to H if 
deg H (D • T) > for all vertical prime divisors T on X. Moreover, D is said to be 
divisorially n-numerically trivial with respect to H if D and -D is divisorially n-nef 
with respect to H, that is, deg H (D • T) = for all vertical prime divisors T on X. 

Lemma 2.2.1. We assume that X is regular. Let P e Spec(Ox) and let 7i _1 (P) = 

a{£\ H h a n T n be the irreducible decomposition as a cycle, that is, a 1 ,...,a n e Z >0 and 

T 1 ,...,Y n are prime divisors. Let us consider a linear map T P : K" — > W given by 





/ 




1— » 




V 



fdeg^IVri) ••• deg H (T t -T n )\ 



x n ) 



• + a n y n 



0}. 
□ 



^deg H (r n -ri) ••• deg H (r„ ■ T n )j 

Then Ker(T P ) = {{a\, a n )) K and T P (K n ) = {(yi, . . . , y„) e JC" | d\y\ + • 

Proof. This is a consequence of Zariski's lemma (cf. Lemma ll.l.4[) . 

Lemma 2.2.2. We assume that X is regular. Let D be a 'K-Cartier divisor on X with 
deg(H^" 2 • Dq) = 0. Then there is a vertical effective K-Cartier divisor E such that D + E 
is divisorially n-numerically trivial with respect to H. 
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Proof. We can choose Pi,...,P n e Spec(C\) such that deg H (D • T) = for all 
vertical prime divisors T with 7z(T) £ {Pi,. . .,P n \- We set n~ l (P k ) = a^h. f° r 
each k = 1, . . . , n, where fl/ c , £ Z >0 and is a vertical prime divisor over P k . Since 

»kj deg H (D • r fcy ) = deg H (D • n-\P k j) = 0, 

;'=i 

by virtue of Lemma 12.2.11 we can find Xu s K 

Y *ki deg H (r fa - • T kj ) = - deg H (D • T kj ) 

for all fc. Moreover, replacing xjd by x^,- + na ki (n » 1), we may assume that x; c/ - > 0. 
Here we set 

n n k 

E = Yj Yj Xki ^ k '- 

k=l i=l 

Then D + E is divisorially ^-numerically trivial. □ 

First let us consider the Hodge index theorem for R-Cartier divisors on an 
arithmetic surface. It was actually treated in |2l Theorem 5.5]. Here we would 
like to present a slightly different version. 

Theorem 2.2.3. We assume d = 2. Let Div (XQ) R be a vector subspace of Div(XQ) K 
given by 

Div (X Q ) R := {d e Div(X Q ) R | deg(S) = 0}. 

. .Nef 

Let D = (D, g) be an arithmetic 'R-Cartier divisor in Div c o (X) R with Dq g Divo(Xq) R . 
Then 

feg(D 2 )<-2[K:Q](D Q ,D Q ) NT , 

where ( , ) NT is the Neron-Tate pairing on Div (XQ) R (cf Retnark f2.2.4§ . Moreover, the 
equality holds if and only if the following conditions (a), (b) and (c) hold: 

(a) D is divisorially n-numerically trivial. 

(b) gis_ofC°°-type. 

(c) Cl (D) = 0. 



Proof. Let [i : X' — > X be a resolution of singularities of X (cf. 1101 ). Then, since 
the arithmetic volume function is invariant under birational morphisms (cf . ||T5l 

Theorem 4.3]), we can see deg(D ) = deg(//(D) 2 ). Thus we may assume that X is 
regular. 

Let g' be an Foo-invariant D-Green function of C°°-type with Ci(D, g') = 0. Let r\ 
be an P^ -invariant continuous function on X(C) with g = g' + rj. Then, by (1) in 
Proposition [2 ZEZD rj € <(C° n QPSH)(X(C))) R 

By Lemma [2.2.21 we can find an effective and vertical IR-Cartier divisor E such 

that D + E is divisorially n -numerically trivial. If we set D = (D + E,g'), then D 
satisfies the above conditions (a), (b) and (c). Moreover, as D = D - (E, 0) + (0, rj), 

dei(D 2 ) = dei(D 2 ) + d^((E, 0) 2 ) + \ f rjdd c (rj). 

L Jx(C) 
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Thus, by Proposition 11.2.31 and Zariski's lemma (cf . Lemma 11.1.4) ), in order to 
prove the assertions of the theorem, it is sufficient to see 

dei(D 2 ) = -2[K : Q](D K> D K ) NT . 

under the assumptions (a), (b) and (c). 

By (1) in Lemma ll.l.ll we can choose D\, . . . , D; G Div(X) and a.\, . . . , a\ G R such 
that D = a,\D\ + ■ ■ ■ + aiD\ and a\,...,a\ are linearly independent over Q. Let C be 
a 1-dimensional vertical closed integral subscheme. Since 

= deg(D| c ) = a\ deg(Di| c ) + ••• + «„ deg(D„| c ), 

we have deg(D,| c ) = for all i, and hence D, is divisorially n -numerically trivial 
for every i, so that we can also choose a D,-Green function hi of C°°-type such that 
D = fliDi + • • • + aiDi and Ci(D/) = for all i, where D ( = (D ; , hi) f or i = 1, . . . , I. We 
need to show 

deg UfliDi + • ■ • + fl/D/) 2 ) = -2[K : Q](aiDi + • • • + fl/Dj, fliDi + ■ ■ • + aiDi) NT . 

Note that it holds for a.\,...,a\ G Q by Faltings-Hriljac ([6j, [8]). Moreover, each 
hand side is continuous with respect to a\, . . . , a.\. Thus the equality follows in 
general. □ 

Remark 2.2.4. Let Div (XQ) be the group of divisors & on Xq with deg($) = 0. By 
using (1) in Lemma ll.l.ll we can see Div (XQ) <g> z R = Div (XQ) K . Let 

( / )nt • Div (X Q ) x Div (X Q ) -> R 

be the Neron-Tate height pairing on Divo(Xq), which extends to 

Div (X Q ) R x Div (X Q ) R R 

in the natural way. By abuse of notation, the above bi-linear map is also denoted 
by ( , )nt- By virtue of (7, Proposition B.5.3], we can see that 

PDiv(X Q ) R = {de Div (X Q ) R | (d,d) NT = 0}. 

Finally let us consider the Hodge index theorem on a higher dimensional arith- 
metic variety. The proof is almost same as [14j, but we need a careful treatment 
at the final step. 

— Nef 

Theorem 2.2.5. Let D = (D, g) be an arithmetic M-Cartier divisor in Div c0 (X) R and let 
H = (H, h) be an ample arithmetic Q-Cartier divisor on X. Jfdeg(Dq • H^" 2 ) = 0, then 

deg(D 2 • it' 1 ) < 0. 
Moreover, if the equality holds, then Dq g PDiv(Xq) R . 

Proof. By (1) in Lemma ll.l.ll we can choose D\, . . . , D; G Div(X) and a\, . . . , a\ G R 
such that «!,...,«/ are linearly independent over Q and D = a\D\ -I h a\D\. Since 

= deg(D Q • H d Q 2 ) = «i deg(D, Q • H d Q 2 ) 

!=1 

and deg(D,q • H^" 2 ) G Q for all i, we have deg(D,Q • H^" 2 ) = for all i. Let us 
also choose an Foo -invariant D r Green function gi of C°°-type such that C\(Di,gi) A 
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Ci(H) d ~ 2 = 0. If we set g' = a\g\ H + a,\g\, then, by (1) in Proposition 12.1.11 there 

is 7] G <(C° n QPSH)(X(C))) K such that g = g' + q. By (4) in Proposition |2Xll 



deg(D 2 • H~ 2 ) = deg((D, g'f ■ H~ 2 ) + \ f n dd 

z Jx(C) 



X(C) 



rf-2 



because C\(D,g') A C\(H) d 2 = 0. Therefore, by Proposition II .2.31 

d5(D 2 • if 2 ) < feg((D,g') 2 ■ H d ~ 2 ) 

and the equality holds if and only if rj is a constant. Thus we may assume that r\ 
is a constant, that is, g = g' by replacing g/ by g] + rj/ai. 
By virtue of [[141 Theorem 1.1], 

de^MD:,^) + ■ • ■ + ai(Di,gi)) 2 ■ H < 

— 2 — rf-2 

for all «i, ...,«/ G Q, and hence deg(D -H ) < 0. 

We need to check the equality condition. We prove it by induction on d. lid = 2, 
then the assertion follows from Theorem 12.2.31 and Remark 12.2.41 We assume that 

— 2 — rf-2 

d > 2 and deg(D ■ H ) = 0. By using arithmetic Bertini's theorem (cf. |13|), we 
can find m G Z>o and / G Rat(X) x with the following properties: 

(i) If we set H = (H',h') = mH + (f), then (H' ,h') G 5ivc»(X), H' is effective, 
h! > and H' is smooth over Q. 

(ii) If H' = Y' + C\Fi + ■ ■ ■ + c r F r is the irreducible decomposition such that V 
is horizontal and F/s are vertical, then F/s are connected components of 
smooth fibers over Z. 

(iii) D and H' have no common irreducible component. 
Let Y be the normalization of Y' . Then 



= ra d - 2 deg(D" • H ") = deg(D" • H ) = deg( D\" ■ H 



-rf-2. - — - . — 2 — /rf-2. 



d-3 



) 



+ Y Ci deg(D| 2 • H'f 3 ) + \ f h' Cl {D) 2 ^{H) d -\ 
J ~~ i L JX(C) 



■|2 



d-3 

) = and 

Y 



Therefore, by using |14l Lemma 1.1.2], we can see that deg(D| y • H 

C\(D) = 0. In particular, by hypothesis of induction, Dq| y g PDiv(YQ) R . Let C be 
a closed and integral curve of Xq. Then, since 

= f ci(D) = deg(D Q • C) = Y a, deg(D, Q • C) 

JC(C) 

and a.\, . . . ,a\ are linearly independent over Q, we have deg(D,Q ■ C) = for all i. 
Therefore, if we set L, = <ffx Q 0i), then L, is numerically trivial, and hence (L,)c is 
also numerically trivial on X(C). This means that (L,)c comes from a representation 
pi : 7ii(X(C)) C x . Let i be the natural homomorphism i : 7ii(Y(C)) — > 7ii(X(C)) 
and let 

P ; = Pi o i : m(Y(C)) th(X(C)) A c x . 

Then yields (L,) C | Y(C) . Let 

p : th(X(C)) C x ® z R and p' : 7ii(Y(C)) -> C x Z R 



22 ATSUSHI MORIWAKI 

be homomorphisms given by p = p®" 1 ■ ■ ■ p® at and p' = p'® ai ■ ■ ■ p'®"'. Since 

(^i)cIy(C)J ® •••®(( L /)cly( C )j =1 

in Pic(YQ) <g> R, we have p' = 1. Note that i is surjective (cf. fl2l Theorem 7.4] and 
the homotopy exact sequence). Thus p = 1 because p' = po i. Therefore, by (2) in 
Lemma 11.1. 11 the image of p, is finite for all i. This means that there is a positive 
integer n such that (Lj)®" <^ X (C) for all If we fix o £ K(C), then 

dim K H°(X Q/ Lf") = dim c H°(X Q x^ pec(K) Spec(C), Lf" ^ C) = 1, 
and hence Lf n - £? Xq because deg(L, • H^ 2 ) = 0. Therefore, 

L®" 1 ® • • • <8> Lf' = (L^)^i/' 1 ® • • • ® (Lf")® 8 '/" = 1 
in Pic(X Q ) K . Thus D Q e PDiv(X Q ) R . □ 

Remark 2.2.6. There is a typo in fl4l Lemma 1.1.2]. The form co should be real, 
that is, co = co. 

2.3. Hodge index theorem and pseudo-effectivity. In this subsection, let us ob- 
serve the pseudo-effectivity of arithmetic R-Cartier divisors as an application of 
Hodge index theorem. Let us begin with the following lemma: 

Lemma 2.3.1. We assume that X is regular. Let D = (D, g) be an arithmetic R-Cartier 
divisor of C°-type. If D is semi-ample on Xq (that is, there are semi-ample divisors 
A\, . . . ,A r on Xq and a\,...,a r £ R >0 such that Dq = a x A\ -I + a r A r ), then there are 

(pi, . . . ,<pi £ Rat(X)* and c £ R such that D + (<P,)r + (0/ c ) ^ 0/or all i and 

i 

P|Supp(D + (<pO R ) = 
i=i 

on Xq (for the definition of Rat(X)* and arithmetic principal "R-Cartier divisors, see 
Conventions and terminology^and^. 

Proof. Let us consider the assertion of the lemma for D = (D, g): 

There exist <p\, . . . ,cp\ £ Rat(X)* and c £ R such that 

D + 0p~) R + (0, c) > for all i and f]\ =1 Supp(D + (<p ; ) K ) = on X Q . 

Claim 2.3.1.1. (1) IfD is a Q-Cartier divisor and D is semi-ample on Xq (i.e. nD is 
base-point free on Xq/oj" some n > 0), then holds for D. 

(2) If D is vertical, then fl*} holds for D. 

(3) If a £ R >0 and holds for D, then so does for aD. 

(4) If holds for D and D , so does for D + D . 

Proof. (1) Since D is a semi-ample Q-Cartier divisor on Xq, there are a positive 
integer n and <fi x , ...,<pi £ H°(X, nD) \ {0} such that fl'=i Supp(nD + ((£,)) = on X Q . 

Since D + (^J /n ) K is effective, we can find c £ R such that D + (^ /n ) R + (0,c) > 
for all i. 
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(2) We choose x e K \ {0} such that D + (x) > 0, and hence there is c e R such 
thatD + (x) + (0,c)>0. 

(3) Let (pi,..., (pi e Rat(X)* and c e R such that D + ((pi) R + (0, c) > for all z 
and fl!=i Supp(D + (<p f ) R ) = on X Q . Then aD + (p?) R + (0,ac) > for all i and 

fill Supp(flD + (<#) R ) = on X Q . 

(4) By our assumption, there exist <pi, . . . , (p/, cp' v . . . , op' v G Rat(X)* and c, c' e R 
such that _ 

D + (^0 R + (0, c) > for all z. 
nU Supp(D + (<p f )R) = on X Q/ 
< D +(<p;.) R + (0 /C ')>0for all;, 
nJLi Supp(D' + (<p;.) R ) = on X Q . 

Then D + D + (^J 7 ) + (0, c + c') > for all z, and 

P|Su PP (d + d' + ( w ;.)r) = 

hi 

on Xq because 

Q Supp(D + D' + (<p t <p'j)j0 £ Q (Supp(D + (<pOr) U Supp(D' + (<pJ.)r)) . 

□ 

Let us go back to the proof of the lemma. Since X is regular and D is semi-ample 
on Xq, there are arithmetic Q-Cartier divisors D\, . . . , D r of C°-type, a,\, . . . , a r € R >0 , 
a vertical R-Cartier divisor E and an F OT -invariant continuous function cp on X(C) 
such that D/s are semi-ample on Xq and D = a x D\ + ■ ■ ■ + a r D r + (E, cp). Thus the 
assertion follows from the above claim. □ 

Let us fix an ample arithmetic Q-Cartier divisor H on X. For arithmetic R- 
Cartier divisors Di and D 2 of C°°-type on X, we denote deg(H • Di • D 2 ) by 

deg^(D! • D 2 ). Let us consider the following lemma, which is a useful criterion of 
pseudo-effectivity. 

Lemma 2.3.2. We assume that X is regular. Let D = (D, g) be an arithmetic K-Cartier 
divisor ofC°°-type on X with the following properties: 

(1) D is nefon X Q and deg(D Q • H^ 2 ) = 0. 

(2) Ci(D) is semipositive. 

(3) D is divisorially n-nefwith respect to H. 

(4Me^(D 2 ) < 0. 
Then D is not pseudo-effective. 

Proof. Let B be an ample arithmetic R-Cartier divisor on X. We set A = D + B. 
Since 

de gjT (D 2 ) < 0, 

we have _ _ _ 

deg F (A-D)<deg IT (B-D). 
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Here we claim the following: 

Claim 2.3.2.1. There is an arithmetic "R-Cartier divisor L = (L,h) of C°°-type with the 
following properties: 

(a) L is ample on Xq. 

(b) Ci(L) is positive. 

(c) L is divisorially n-nefwith respect to H. 

(d) d^(L-D)<0. 

Proo/. If degjj(B • D) < 0, then degjj(A ■ D) < 0. Thus the assertion is obvious if we 

set L = A. 

Next we assume that deg^(B • D) > 0. Since degjj(A • D)/degjj(B • D) < 1, we 
choose a positive number a such that 

dign(^ • g) 

_ _ < a < 1. 

deg n (B-D) 

We set L = D + (1 - «)B. The conditions (a), (b) and (c) are obvious. Moreover, 
since L = A — aB, 

de^(L • D) = di^A • D) - ade^B • D) 

delfe(D) 

< deg F (A • D) - _ 6H _ _ deg g (B • D) = 0. 
deg F (B-D) 

□ 

Let us go back to the proof of the lemma. Since L is ample on Xq, by Lemma fe.S.lt 
there are (pi, . . . , (pi e Rat(X)* and c e R such that L + (<P;)r + (0/ c) > for all i and 
PlLi Supp(L + (<P/)r) = on Xq. Let T be a horizontal prime divisor. Then we can 
find i such that T Supp(L + (<p,)k)- Thus 

de^((L + (0, c)) • (r, 0)) = de^((L + (S) R + (0, c)) • (T, 0)) 

' N > 0. 



= deg(Hf 2 -(L + («p i ) R + (0 / c)) 



Furthermore, the above inequality also holds for a vertical prime divisor T because 
L is divisorially 7i-nef with respect to H. Therefore, if G = (G, k) is an effective 
arithmetic R-Cartier divisor of C°-type, then 

de^((L + (0, c)) • G) = dei F ((L + (0, c)) • (G, 0)) + 1 f fc Cl (H) d - 2 Cl (L) > 0. 

z Jx(C) 

In particular, if D is pseudo-effective, then 

dei F ((L + (0,c))-D)>0. 

Q 



On the other hand, as deg(DQ • Hi. 2 ) = 0, 



deg F ((L + (0,c)) • D) = deg F (L • D) + °- deg(D Q • H Q " 2 ) 



= deg F (L-D)<0. 
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This is a contradiction. □ 

As consequence of Hodge index theorem and the above lemma, we have the 
following theorem on pseudo-effectivity: 

Theorem 2.3.3. We assume that X is regular and d > 2. Let D = (D, g) be an arithmetic 
R-Cartier divisor of C° -type. IfD is pseudo-effective and D is numerically trivial on Xq, 
then Dq g PDiv(X Q ) K . 

Proof. We assume that Dq g PDiv(XQ) R . Since D is numerically trivial on Xq, by 
Lemma [2.2.21 we can find an effective vertical R-Cartier divisor E such that D + E 
is divisorially n -numerically trivial with respect to H. Moreover, we can find an 
F M -invariant D-Green function g of C°°-type with Ci(D,g ) = 0. Then there is an 
-invariant continuous function rj on X(C) such that g + r\ = g . Replacing g by 
go + c (c G R), we may assume that rj > 0. By the Hodge index theorem, 

dl^((D + E,go) 2 )<0. 
Thus (D + E, g ) is not pseudo-effective by Lemma 12.3.21 and hence 

D = (D + E,g Q )-(E,n) 

is also not pseudo-effective. This is a contradiction. □ 

Finally let us consider the following lemmas on pseudo-effectivity. 

Lemma 2.3.4. For D G Div c o(X) R and z G PDiv(X) K , ifD is pseudo-effective, then D+z 
is also pseudo-effective. 

Proof. Let A be an ample arithmetic R-Cartier divisor on X. Since D is pseudo- 
effective, D + (1/2)A is big. Moreover, z + (1/2)A is ample because z is nef. 
Therefore, 

(D + z)+A = (D + (1/2) A) + (z + (1/2) A) 
is big, as required. □ 

Lemma 2.3.5. Let D be a vertical "R-Cartier divisor on X and let rj be an F ^-invariant 
continuous function on X(C). Let A be an element o/R K(C) given by A a = inf J6Xa rj(x)for 
all a g K(C). We can view A as a locally constant function on X(C), that is, A\ Xa = A a . 
If(D, rj) is pseudo-effective, then (D, A) is also pseudo-effective. 

Proof. Let us begin with the following claim: 

Claim 2.3.5.1. We may assume that A is a constant function. 

Proof. We set A' = (1/[K : Q]) L a6K(c) A a and l a = A' - A a for each o G K(C). Then 
XaeK(C) £o = and E, a = £ s for all a G K(C). Thus, by Dirichlet's unit theorem (cf. 
Corollary |3.4.7|) , there are a\, . . . ,a s e R and U\, . . . ,u s G 0£ such that 

l a = fli log |cr(ui)| + • • • + a s log \o(u s )\ 

for all o G K(C). If we set 

(D, rj') = (D, n) - n ((fli/2)(^ + ■ • ■ + (« s /2)(^)) , 



26 ATSUSHI MORIWAKI 

then m£ xeXa Tj'(x) = A' for all o G K(C). Moreover, by Lemma |23l4l {D,rf) is 
pseudo-effective. If the lemma holds for rf, then (D, A') is pseudo-effective, and 
hence 

(D, A) = (D, A') + 7i* ((«i/2)55 + • • • + (« s /2)(5) 
is also pseudo-effective by Lemma 12.3.41 □ 

For a given positive number e, we set 

U a = {x e X a | t](x) < A a + (e/2)} 

and U = Y[ a eK(C) U a - Let A = (A,h) be an ample arithmetic Cartier divisor on X. 
Then, by Lemma [1.3. 11 there is a constant C > 1 depending only on e and h such 
that 

(23.5.2) sup {\s\l bh (x)} < C b sup {\s\ 2 t+bh (x)} 

xeX(C) xeU 

for all s G H°(X(C), fcA), & G R> and all constant functions t on X(C). Let n be an 
arbitrary positive integer with n > (2 log(C))/e. Since (D, 77) + (l/n)A is big, there 
are a positive integer m and s G H°(X,mD + (m/n)A) \ {0} such that \s\ m , 1+ ( m in)h ^ 1/ 
which implies that 

\ s \\min)h ^ exp(mr/). 
Therefore, |s|? w/n ^ < exp(ra(A + (e/2))) over U, that is, 



SU P {l S l m (A+(e/2))+(m/n)ft} - 



Thus, by the estimation (|2.3.5.2|) , we have 



r-(m/n) (i |2 1 < -i 

bup |Pl w a +e /2))+(w/n)/ii 
xeX(C) 



Since log(C)/n < e/2, 



SU P {\ S \ 2 m(A + e) + (m/n)h} ^ SU P {l S | : 



,|2 

xeX(C) xeX(C) ' 



Q-(mln) (i s |2 1 <- i 

*- &U F 1 l & lw(A+ (e/2))+(m/n)h) - 1 

xeX(C) 

which yields H°(X, m((l/n)A + (D, A + e))) * {0}. Thus (D, A + e) + (l/n)A is big if 
n » 1. As a consequence, (D, A + e) is pseudo-effective for any positive number e, 
and hence (D, A) is also pseudo-effective. □ 

3. Dirichlet's unit theorem on arithmetic varieties 

Let us fix notation throughout this section. Let X be a rf-dimensional, generically 
smooth, normal and projective arithmetic variety. Let 

X Spec(C\) -» Spec(Z) 

be the Stein factorization of X — > Spec(Z), where K is a number field and Ok is 
the ring of integers in K. 
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3.1. Fundamental question. Let K be either Q or R. As in Conventions and 
terminology |2l we set 

Rat(X)* := Rat(X) x ® z K, 

whose element is called a "K-rational function on X. Note that the zero function is 
not a K-rational function. Let 

( ) K : Rat(X)* -» Div(X) K and f) K : Rat(X)* ^ Div c ~(X) K 

be the natural extensions of the homomorphisms 

Rat(X) x Div(X) and Rat(X) x -> 6rv c »(X) 

given by <ft \-> (<ft) and <p \-> ((/)) respectively Note that 

PDiv(X) K = {(<p) K | <p G Rat(X) x } and PDiv(X) K = {(^) K | <p e Rat(X) x } 

(cf. Conventions and terminology |2] and [5). Let D = (D,g) be an arithmetic R- 
Cartier divisor of C°-type. We define T X (X,D),T X (X,D), r x (X,D) and ? X (X,D) to 
be 

Y X (X, D) := [<p G Rat(X) x | D + (<£)> o} = H°(X, D) \ {0}, 
? X (X, D) := {(/) G Rat(X) x | D + (J) > oj = H°(X,D) \ {0}, 
' T x (X, D) := [<p G Rat(X) x | D + (<p) K > o} , 
r x (X, D) := {<p G Rat(X) x | D + (<p) K > oj . 
Let us consider a homomorphism 

£ : Rat(X) x -» Li c (X(C)) 

given by (p i — > log |(£|. It extends to a linear map 

^ K : Rat(X) x -» L^(X(C)). 

For <p G Rat(X) x , we denote exp(^ K ((p)) by \<p\. First let us consider the following 
lemma. 

Lemma 3.1.1. (1) If <p G T x (X, D), then \cp\ exp(—g/2) is continuous on X(C), so 
that we define ||<p||g, SU p to be 

\\(p\\ g/Sup := max{(|<p| exp(-g/2)) (x) \ x G X(C)} . 

(2) f x (X,D) = [<p G r x (X,D) | \\cp\\ gAUV < l). 

(3) We /zflue the following formulae in Rat(X) x or Rat(X) x : 

r x (X,D) = {J n>Q T*{X,nD)^, r x (X,D) = U^P^nD) 1 '", 

< r x (x, «d) = r x (x, D)«, r x (x, «d) = r x (x, d)« (« g q >0 ), 
r x (x, aD) = r x (x, D)«, r x (x, aD) = r x (x, d)« (a g r >0 ). 

Proof (1) We set D = fliDi + • • • + a n D n and <p = <p* J • • • <pf , where D\, . . . , D n are 
prime divisors, (pi, ...,(pi G Rat(X) x and ax,..., a n , X\,...,X\ G K. Let f\,...,f n be 
local equations of D\, . . . ,D„ around P G X(C). Then there is a local continuous 
function h such that g = - X"=i fl < log \fi\ 2 + h around P. Here let us see that 
\<p x \* ■ ■ ■ \(pi\ x '\fi\ ai • • • \f n \ a " is continuous around P. We set f = Ujt" n ■ ■ ■ f r ir and 
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cpj = Vjt^ 1 ■ ■ ■ ff ;r , where a^, fijk s Z, U\, . . . , u n , V\,...,Vi are units of &x(C),p and 
ti,...,t r are prime elements of &x(C),p- Then 

\<Pl\ Xl ---\<Pl\ Xl \fl\ ai ---\fn\ a " 

= |Ul| fll • • • |U n | fl "|Ul| Xl • • • \ Vl \*\t 1 fi a i a ll + Zi X }fo ■ ■ ■ \t r fi"i a ir + Zj X iPjr. 

On the other hand, as 

(fi) + --.+ 



ami + Y x iPn 



^^^^ djCXif ~\~ ^^^^ JCjj^jf 



D + (<p) K = 
around P, we have 

(3.1.1.1) \\ CliOtix + \\ Xjfiji > 0, ... , ^ diOLir + \\ Xjfijr > 

i i > i 

Thus the assertion follows. Therefore, 

\<p\ exp(-g/2) = \cp^ ■ ■ ■ MW ■ ■ ■ \f«\ a " exp(-/i/2) 

is also continuous around P. 

(2) We use the same notation as in (1). Note that 

_ / n \ 

D + (<p) K = 



(fr) > 



D + (<p) K , g + Yj Xi (~ lo § 
Moreover, 

n 

g + Y log |<p ; | 2 ) = - log(|<p a |^ • • • |<p/| 2 *'|/i| 2fll • • • \f n \ 2a " exp(-h)) 



i=l 



locally. Thus ||<p|| c?/S up < 1 if and only if g + YH=i x i(~ l°g l^'l 2 ) ^ 0, and hence (2) 

follows. 

(3) For <p e Rat(X) x and a e R >0 , D + (<p) R > (resp. D + (<p) R > 0) if and only if 

flD + (cp a )]R > (resp. aD + (<p a ) R > 0). Thus the assertions in (3) are obvious. □ 

Remark 3.1.2. We assume d = 1, that is, X = Spec(0 K ). For P e Spec(0 K ) \ {0} 
and cr G K(C), the homomorphisms ordp : K x — > Z and | • | (7 : K x — > R x given by 
i — > ordp(c/)) and ^ h-» |cr(^))| naturally extend to homomorphisms K x <g>% R — > R 
and K x <g> z R — > R x respectively. By abuse of notation, we denote them by ordp 
and | • | (7 respectively. Clearly, for (p e K x <g> z R, |<p| a is the value of \(p\ at cr. Moreover, 
by using the product formula on K x , we can see 

(3.1.2.1) J] \<p\ a = [] #(OK/P) ordpW 

aeK(C) PeSpec(O K )\|0| 

for <peK x (gi z R 

Finally we would like to propose the fundamental question as in "Introduction". 

Fundamental question. Let D be an arithmetic R-Cartier divisor of C°-type. Are 
the following equivalent ? 

(1) D is pseudo-effective. 

(2) ? x (X,D)*0. 
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Clearly (2) implies (1). Indeed, let cp be an element of r* (X, D). Let A be an ample 

R-Cartier divisor on X. Since -(<p) R is a nef R-Cartier divisor of C°°-type, A - (<p) R 

is ample, and hence D + A is big because D + A > A — (<p) R . The observations 
in Subsection 13.41 show that the fundamental question is nothing more than a 
generalization of Dirichlet's unit theorem. Moreover, the above question does not 
hold in the geometric case as indicated in the following remark. 

Remark 3.1.4. Let C be a smooth algebraic curve over an algebraically closed field. 
For 9 G Div(C)q with deg($) = 0, the following are equivalent: 

(1) 9 G PDiv(C) Q . 

(2) There is <p G Rat(C)* such that 9 + (<p) R > 0. 

Indeed, "(1) ==> (2)" is obvious. Conversely we assume (2). Then if we set 
6 = 9 + (<p)r, then 6 is effective and deg(0) = 0, and hence = 0. Thus 9 = (<P _1 )r. 
Therefore, by (3) in Lemma [TTTj 9 G PDiv(C) Q . 

The above observation shows that if 9 is a divisor on C such that deg($) = and 
9 is not a torsion element in Pic(C), then there is no cp G Rat(C) R with 9 + (<p)r > 0. 

3.2. Continuity of norms. Let us fix p G R>i and an Fco-invariant continuous 
volume form Q on X with Q = 1. For <p G r* (X, D), we define the If -norm of 
<p with respect to g to be 

\\<P\\ g ,iJ> ■■= I f (M exp(-g/2)) p Q 

\JX(Q 

In this subsection, we consider the following proposition. 

Proposition 3.2.1. Let <p\, ...,cp\ G Rat(X)* . If we set 

O = {(xi, . . . , xi) € R ; | <p* • • • <pf G r^(X, D)}, 

f^en f/ze map u p : O — > Hgiven by (xi, . . . ,x/) h-> ||(p^ • • • <p*'\\g,v> is uniformly continuous 
on K n O /or any compact set K of R'. Moreover, i/xe map f sup : O — > R given by 
(x\, . . . , xi) h-» ||(p^ • • • ||g ;SU p a/so uniformly continuous on Kn O/or any compact 
setKofWJ. 

Proof. In order to obtain the first assertion, we may clearly assume that q>\, . . .,<pi G 
Rat(X) x . Let us begin with the following claim: 

Claim 3.2.1.1. There is a constant M such that 

i^rn^expc-g/^M 

for all (xi, . . . , xi) e K n O. 

Proof. Since X(C) is compact, it is sufficient to see that the above assertion holds 

locally. We set D = a\Di -I h a n D„, where a lr ... ,a n G R and D\, . . . , D n are prime 

divisors. Let us fix P G X(C) and let f\,...,f n be local equations of D\, ...,D n 
around P respectively. Let g = log |/i| 2 + /z be the local expression of g 

with respect to fi,...,f r/ where h is a continuous function around P. We set 
fi = U{t" a ■ ■ ■ f r " and (pj = Vjt?' 1 • • • if F , where a&,fijk G Z, U\, . . . ,u ni V\, . . . ,V\ are 
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units of &x(C),p an d hi- ■ ■ ,t r are prime elements of &x(C),p- Then 
^■■■IWexpi-g/l) 

= \ui\ ai ■ ■ ■ KI^N* 1 ■ ■ ■ \ Vl \*i\t 1 \Zt a i tt a- + Xi x ifr ■ ■ ■ \t r ft**ir+'Li*jfr exp(-h/2). 

Note that Y^i^ik + L/*;'/fyt (k = l,...,r) are bounded non-negative numbers (cf. 
(|3.1.1.1|) in the proof of Lemma [3.1.1|> . Thus the claim follows. □ 

By the above claim, we obtain 

< f |l - \(pi\ p{yi ~ Xl) ■ ■ ■ \(pif y >- Xl) \ {\cpi\ Xl ■ ■ ■ \cpi\ x > exp(-g/2)) p Q 

Jx(C) 

< f |l-|(pi| p(3 ' 1 ^ l) ---|(p;| p(3 '^ ) |M p O 

Jx(C) 

for (xi, xi), (yi, . . . , y/) e O. Thus the first assertion follows from the following 
Lemma l3.2.2[ 

For the second assertion, note that limp^ \\cp Xl ■ ■ ■ <p x '\\ g> u> = \\<p Xl • • • <p Xl \\ g ,su P for 
(x%, . . . ,Xi) G O (cf. |9l the proof of Corollary 19.9]). Thus it follows from the first 
assertion. □ 

Lemma 3.2.2. Let Mbea d-equidimensional complex manifold and let cobea continuous 
(d,d)-form on M such that co = vQ, where Q is a volume form on M and v is a non- 
negative real valued continuous function on M. Let <p\, . . . , cpd be meromorphic functions 
such that cp/s are non-zero on each connected component ofM. Then 



lim 1 - \<Pi\ Xl ■■■\<Pi\ Xl \co = 0. 

(*i *rH(0 0)J M 

Proof Clearly we may assume that M is connected. Let p. : M' — > M be a proper 
bimeromorphic morphism of compact complex manifolds such that the principal 
divisors (p*(cpi)), . . .,(p*(cpi)) are normal crossing. Note that there are a volume 
form Q' on M' and a non-negative real valued continuous function V on NT such 
that p*(co) = v'Cl' . Moreover, 

f |i-i i u*(<pi)r i ---iiU*(<p/)i"|^M= f \i-w---\(pi\ xi \(v. 

Jm' Jm 
Thus we may assume that the principal divisors (<pi), . . . , ((pi) are normal crossing. 
Here let us consider the following claim: 

Claim 3.2.2.1. Let <pi, ...,cpibe meromorphic functions on 

A d = {(z lr ...,z d )eC d \\zi\<l,...,\z d \<l} 

such that (pi = z°} 1 ■ ■ ■ z° d di ■ U[ (i = 1, . . . , /), where Cp £ Z and u{s are nowhere vanishing 
holomorphic functions on \{z\,...,zi) e C rf | \z\\ < 1 + b,...,\z d \ < 1 + 5} for some 
5 G R >0 . Then 

lim T |l - \(p\\ Xl ■ ■ ■ \(pi\ x '\ ( M dz\ A dz\ A • • • A dz d A dz d = 0. 



(*i xi)^(0,..,0) J A d 
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Proof. If we set y 7 - = £ i=1 CpXi, then 

l^il* 1 • • • \(pi\ x > = \z x \ yi ■ ■ ■ \z d \ yi \u x \ Xl ■ ■ ■ \Ui\ x >. 

Thus, if we put z, = r, exp( V-10 ; ), then 



f 



1/ V-L\ 

l^iT 1 • • • \<pi\ x '\ — z — dz\ A dz\ A • • • A dzrf A dzd 



■f 



([0,l]x[0,2 n ]) rf 



h ■ ■ ■ fi - rj +yi • • • r^luil* 1 • • • |M/r| dr\ A d0i A • • • A dr d A d0 d . 



Note that r \ +yi ■ ■ ■ r x * Vi \u\ \ Xl ■ ■ ■ \ui\ x ' — > ri • • • fd uniformly, as {x\, . . . , xf) — > (0, . . . , 0), 
on ([0, 1] x [0, 27i]) rf . Thus the claim follows. □ 

Let us choose a covering {Uj}^ of M with the following properties: 

(a) For each /, there is a local parameter {w\, . .., w&) of Uj such that Uj can be 
identified with A d in terms of (w\, w<j). 

(b) Supp((<^)) Fi LT; £ {wi • • • w<i = 0} for all i and /. 

Let {pj}^ =1 be a partition of unity subordinate to the covering {UjW r Then 

r N r 

\l-\< Pl \*'-.\<p t \«\Q> = T \l-\cp^---\(pr\ Pj C0. 

Note that there is a positive constant C ; such that 



d 



pjco < Cj I — — J dw\ A dw\ A • • • A difrf A rfiyd- 

Thus the lemma follows from the above claim. □ 

3.3. Compactness theorem. Let H be an ample arithmetic R-Cartier divisor on 
X. Let T be a prime divisor on X and let gr be an Fco -invariant T-Green function 
of C°-type such that 

r 2dg(H~'-(r,o)) 
i, STCm ~ EkTc] 

for each o e K(C). We set F = (T,g T ). Note that 

F e Wr3Tv c o(X) K and deg^" 1 • F) = 

(see, Conventions and terminology [6}. Moreover, let C°(X) be the space of F^- 
invariant real valued continuous functions 7] on X(C) with JL r\Ci{H) d ~ l = 0. 

The following theorem will provide a useful tool to find an element of T* (X, D). 

Theorem 3.3.1. Let X (1) be the set of all prime divisors on X. For an arithmetic R-Wez7 
divisor D of C° -type (cf. Conventions and terminology®, we set 



T(D)= ( fl( r,)eR(#)eCS(X) 



d + yVr + (o,77)>ol, 



r 
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where R(X (1) ) is the vector space generated by X (1) over R (cf. Conventions and termi- 
nology^. Then T(D) has the following boundedness: 

(1) For each T e X (1) , {flr}( fl n) e x(D) zs bounded. 

(2) For eacfr a G K(C), 

WX„ J (<j,i])eT(D) 



z's bounded. 

Proof. We set D = (Xr ^rl^g). Here we claim the following: 
Claim 3.3.1.1. (1) For all {a, rj) e Y(D) and T e X (1) , 



\ f gc 1 (H) Ad - 1 + V drde^H^-iVM 



/x ( c ) PeX«\{r] 

-d T <a T < 

deg(H .(r,0)) 



(2) For all (a, rf) e T(D) and a e K(C), 

- f gci(H) i_1 < f ^(H) 
Jx a Jx a 



2deg(H" 1 -(D,0)) 



[X:Q] 

Proof. (1) Clearly if (a, r/) e Y(D), then -d T < a T for T e X (1) . Moreover, for T e X^, 



= deg(H _1 • T) = deg(H _1 • (r, 0)) + \ f g r c 1 (H) / 

z JX(C) 



\Ad-l 

/X(C) 

As Er fl rgr + r/ + g > 0, we have 



^fl r deg(H _1 • (r,0)) < ^fl r deg(H _1 • (r,0)) 

r r 

z Jx(c) V r 



\ 

Ad-1 



Ci(H)' 



z Jx(C) 



Ad-1 



and hence 



fl r deg(H _1 • (T, 0)) = Yj «rdeg(H _1 • (F, 0)) + £ (-«p)deg(H • (T, 0)) 

PexW PeXTO\{Pi 

< ^ f gCiCH)^- 1 + V d P dei(H _1 • (F, 0)) 

Z JX(C) TTt 



for all T. 

(2) Since Xr fl iT + D > 0, we obtain 



< deg 



H _1 • |^fl r r + D,ojj = ^fl r deg(H _1 ■ (T,0)) + deg(H • (D,0)). 
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Therefore, 



"Tgi + n + g 



— d-1 



E2fl r deg(H (r,o)) r — r — 



2deg(H -(0,0)) 



* "|K:Q1 ' " + J x ^ Cl(Hri+ ' * Cl(H)d_1 ' 
as required. □ 

By (1) in the above claim, {flr} ((1 ri)er(D) ^ s bounded for each T. Further, by (2), 
there is a constant M such that 



rjCiiH)*- 1 > M 



for all (a, r\) e T(D) and a e K(C), and hence 



*^ X <7 rr'e£7(nW,-rl JX a l 



M 

a'eX(C)\{<j] 

as desired. □ 



Corollary 3.3.2. Let A be a finite set and let {D A } AeA be a family of arithmetic R-Wez7 
divisors ofC°°-type with the following properties: 

(a) deg^" 1 • D A ) = 0/or A e A. 

(b) For eac/z A e A, fere is an F ^-invariant locally constant function p A such that 

Cl (D A ) A Cl (H) Ad " 2 = p ACl (Hy d -\ 

(c) {D A } AeA is linearly independent in WDiv C c°(X) K . 
Then, for D e WDiv c o(X) K , the set 



fl£R(A) 



D + ^fl A D A >Oj 

AeA 

is convex and compact. 

Proof. The convexity of the above set is obvious, so that we need to show com- 
pactness. We pose more conditions to the T-Green function g T , that is, we further 

assume that gr is of C°°-type and Ci(T) A Ci(H) Ad ~ 2 = vrCi(H) Arf_1 for some locally 
constant function v r on X(C). Note that this is actually possible. We set 



E X :=U:X(Q-»R 



£ is locally constant, Foo-invariant and \\ E, a = > 

aeK(C) ) 



Then there are Uat s R and £ A e H x such that 

Da = Yj a ^ + (°^a) 
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for each A. Therefore, 



a A D A = Yj\Yj aA(XAT \ T + JL a ^ A ' 
A r v a / A 

Let us consider a linear map 

T : R(A) -> R(X (1) ) H x 
given by T(a) = (Ti(a), T 2 (a)), where 

^i(fl)r = ^ fl A«Ar(rGX (1) ) and T 2 (a) = J^a A £ A - 

A A 

Then T is injective. Indeed, if T(a) = 0, then 

2^A«Ar = (Vr) and J^ a ^ A = °- 

A A 

Thus La^^a = 0, and hence a = 0. Since A is finite, we can find a finite subset 
A' of X^ such that the image of T is contained in R(A') © H x . Moreover, by the 
previous theorem, T(D) n (IR(A') © H x ) is compact. Thus 



\a e R(A) 



D + £ AaD a > 1 = T" 1 (T(D) n (R(A') © Sx)) 

AeA J 



is also compact. □ 

Corollary 3.3.3. Let (pi, . . . ,<p\he It-rational functions on X (i.e. (pi, . . . , <p\ e Rat(X)* ) 
and let D = (D, g) be an arithmetic 'K-Cartier divisor of C° -type on X. If 

O = (fa, . . . , ai) e R' | <p* ■ ■ ■ (p a ; e T*(X, D)} t 0, 
i/zen i/zere exzsis (bi, ...,b|)ef swcfo £/z«i 



(«!,...,«;)£© 

aro 1 1 t"w i "i r I \ ' inrlononrlont I t^i 1? i lY V \ 



Proo/. Clearly we may assume that <pi, . . . , (p\ are linearly independent in Rat(X) x 



Replacing g by g + A (A e R) if necessarily, we may further assume that 
{K . . . , ai) e K l | (p a l ■ ■ ■ <pf e ?* (X, D)| ^ 0. 

We denote the above set by O. As 

O = {(«!, . . . , ai) e O | \\(p a ; ■ ■ ■ <pf || g/Sup < l} , 

we have 

inf {||< ■ • • ||,, sup ) = inf _ {\\tf • • ■ <fi ||,, sup ) . 

On the other hand, O is compact by Corollary 13.3.21 Thus the assertion of the 
corollary follows from Proposition 13.2.11 □ 
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3.4. Dirichlet's unit theorem on arithmetic curves. We assume d = 1, that is, 
X = Spec(0 K ). In this subsection, we would like to give a proof of Dirichlet's unit 
theorem in flavor of Arakelov theory (cf. [19]). Of course, the contents of this 
subsection are nothing new, but it provides the background of this paper and a 
usage of the compactness theorem (cf . Corollary |3.3.2[) . The referee points out that 



Chambert-Loir give a similar proof based on a certain kind of compactness in 
§1.4, D] Let us begin with the following weak version of Dirichlet's unit theorem, 
which is much easier than Dirichlet's unit theorem. 

Lemma 3.4.1. O* is a finitely generated abelian group. 



Proof. This is a standard fact. Indeed, let us consider a homomorphism L : 0£ 

]RK(C) 

given by L(x) l7 = log \o(x)\ for o £ K(C). It is easy to see that, for any bounded 
set B in R K(C) , the set {x £ 0£ | L(x) £ B\ is a finite set. Thus the assertion of the 
lemma is obvious. □ 

We denote the set of all maximal ideals of Ok by Mk- For an R-Cartier divisor 
E = LpeM K e pP on X, we define deg(E) and Supp(E) to be 

deg(E) = Yj e P \og(#(0 K /P)) and Supp(E) := {P £ M K \ e P t 0}. 

PeM K 

Lemma 3.4.2. For a constant C, the set {E £ Div(X) | E > and deg(E) < C} is finite. 

Proof. This is obvious. □ 

Lemma 3.4.3. If we set K* = {x £ K x | Supp((x)) c E}/or a finite subset E ofM K , then 
K* is a finitely generated subgroup ofK x . 

Proof. Let us consider a homomorphism a : K£ — > given by a(x) P = ordp(x) 
for P £ E. Then Ker(a) = 0£ and the image of a is a finitely generated. Thus the 
lemma follows from the above weak version of Dirichlet's unit theorem. □ 

Lemma 3.4.4. We set Ck = log((2/7z) r2 -\/\d K /Q\j, where r 2 is the number of complex 

embeddings of K into C and dK/Q is the discriminant of K over Q. If deg(D) > Ck for 
D £ Div(X), then there is x £ K x such that D + (x) > 0. 

Proof. This is a consequence of Minkowski's theorem and the arithmetic Riemann- 
Roch theorem on arithmetic curves. □ 

The following proposition is a core part of Dirichlet's unit theorem in terms of 
Arakelov theory, and can be proved by using arithmetic Riemann-Roch theorem 
and the compactness theorem (cf. Corollary 13.3.21 and Corollary I3.3.3|) . As a 
corollary, it actually implies Dirichlet's unit theorem itself (cf. Corollary 13 .4 .7) . 



Proposition 3.4.5. Let D = (D, g) be an arithmetic H-Cartier divisor on X. Then the 
following are equivalent: 

(i) dei(D) = 0. 

(ii) D_£ PDiv(X) K . 

(iii) deg(D) = and T^(X,D) * 0. 
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Proof, "(iii) => (ii)" : By our assumption, D + z > f or some z G PDiv(X) R . If we 
set E = D + z, then E is effective and deg(E) = deg(D) + deg(z) = 0. Thus E = 0, 
and hence D = -z G PDiv(X) K . 

"(ii) => (i)" is obvious. 

"(i) => (iii)" : First of all, we can find a\, . . . , a\ G R>o and D\, . . . , D; G Div(X) 
such that D = a\D\ + ■ ■ ■ + a\D\ and deg(D,) = for all i. If we can choose 
ipi G r* (X, Di) for all i, then i/^ 1 • • • ip* 1 G r* (X, D). Thus we may assume that 
D G Div(X) in order to show "(i) ==> (iii)". For a positive integer n, we set 

Since deg(nD n ) = C K , by Lemma 13.4.41 there is x n G K x such that nD„ + (x n ) > 0. In 
particular, nD + (x n ) > and 

deg(nD + (x n )) < deg(nD n + (x n )) = C K . 

Thus, by Lemma 13.4.21 there is a finite subset E' of M K such that 

Supp(nD + (x n )) c E' 

for all n > 1. Note that Supp((x„)) c Supp((x„) + nD) U Supp(D). Therefore, we 
can find a finite subset E of M K such that x n G for all n > 1. By Lemma 13.4.31 
we can take a basis cpi,...,(p s of <g> z R over R. Then, by Corollary 13.3.31 if we 
set 

O = {(«!, . . . , a s ) G R s | (p a l ■ ■ ■ <pf G r*(X, D)}, 
then there exists {c\, . . . , c s ) G O such that 

I l<P? • ■ • <Ps s I l g/ su P = inf { | \(p a l ■ ■ ■ <pf | | g/Sup }, 

(«!,,. .,a s )e<& 

that is, if we set xp = <p* • • • <pf , then ||i/>|| g<sup = ird<peTX(x,D)n(KX® z R){\\<p\\g,su P }- On 
the other hand, as D„ + (x* /K ) K > 0, we have x l J n G r*(X,D) n (K£ ® z R) and 
|l4 /n || g/ su P < exp(C K /n[K : Q]), so that \\ty\\ gJBap < exp(C K /n[K : Q]) for alln > 0, and 
hence Hi/'H^sup ^ 1/ as required. □ 

As corollaries, we have the following. The second one is nothing more than of 
Dirichlet's unit theorem. 

Corollary 3.4.6. Let D = (D, g) be an arithmetic H-Cartier divisor on X Then there 
exists i/> G r* (X, D) such that 

II y Ng/Sup 

= inf{||(/)||, /Sup |(/)Gr^(X,D)}. 

Proof. Clearly if the assertion holds for D, then so does for D + (0, c) for all c G R. 

Thus we may assume that deg(D) = 0. We set D = Lp e M K dpP. Then, for <p G 
r* (X, D), by using the product formula (|3.1.2.1[) in Remark T3.1.2l 

11 \cp\ a exp(-g a /2) = 11 #(0 K /Pr d ^ )+d ? > 1, 

aeK(C) Pexm 
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and hence ||(/)||g /S up ^ 1- On the other hand, by Proposition 13.4.51 there is ip G 
1* (X, D) with ||i/>||g, sup < 1, as required. □ 

Corollary 3.4.7 (Dirichlet's unit theorem). Let £ be an element o/IR K(C) such that 

Yj^ = Q and k a = l- a (Va G K(C)). 

aeK(C) 

Then there are u\,...,u s e O* and a\, . . . , a s g M such that 

l a = fli log |ui| a + ■ • ■ + a s log |w s | CT 

for all o G K(C), that is, (0, + (a 1 /2)(u 1 ) + ■■■ + (a s /2)(u s ) = 0. 

Proof. Since deg((0, £)) = 0, by virtue of Proposition 13.4.51 and (1) in Lemma ll.l.ll 
there are a' v . . . , a' s £ 1R and U\, . . . , u s 6 K x such that a' v ...,a' s are linearly indepen- 
dent over Q and (0, £) = a\{u{) + ■ ■ ■ + a' s (u s ). We set (uy) = Y?k=i a jkPk for each 
where a* G Z and Pi, . . . , P/ are distinct maximal ideals of Ok- Then 



= a[(ui) H h flg(u s ) = 



/ i a'-otji Pi h + ^ fl^a 



U =1 



P/. 



W =1 

Thus YJj=\ a 'j a jk = for all k, and hence = for all j,k, which means that 
U\, . . . , u s G 0£. Therefore, if we set fly = —2a'., then the corollary follows. □ 

Remark 3.4.8. Similarly, the finiteness of Div(X)/ PDiv(X) is also a consequence 
of Lemma [3.4.2l and Lemma 13.4.41 (cf. (HI). Indeed, if we set 

= {E G Div(X) | E > and deg(E) < C K ), 

then © is a finite set by Lemma 13.4.21 Thus it is sufficient to show that, for 
D G Div(X), there is x G K x such that D + (x) £ 0. Since 

-p-/ 2(Q-deg(D)) \ 

de§ r ektq ) =c * 

by LemmaHiai there is x G K x such that (d, 2(C ^ d g (P)) )+(xj > 0, that is, D + (x) > 
and log \x\ a < Ck [ ^ (P) for all o G K(C). By using the product formula, 

deg(D + (x)) = deg(D) + £ log |x| a < deg(D) + £ ^ = C K . 

Therefore, D + (x) G 0, as required. 

3.5. Dirichlet's unit theorem on higher dimensional arithmetic varieties. In 

this subsection, we will give a partial answer to the fundamental question as an 
application of Hodge index theorem. First we consider the case where d = 1. 

Proposition 3.5.1. We assume d = 1, that is, X = Spec(OK). For an arithmetic R- 
Cartier divisor D on X, the following are equivalent: 

(i) D is pseudo-effective. 

(ii) deg(D)_> 0. 
(hi) r*(X,D)*0. 
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Proof, "(i) => (ii)" : Let A is an ample arithmetic Cartier divisor on X. Then D+eA 
is big for any e > 0, that is, deg(D + eA) > 0. Therefore, deg(D) > 0. 

"(ii) => (iii)" : If deg(D) > 0, then the assertion is obvious because H°(X,nD) + 

{0} for n » 1, so that we assume deg(D) = 0. Then D e PDiv(X)R by Proposi- 
tion 

"(iii) => (i)" is obvious. □ 

To proceed with further arguments, we need the following lemma. 

Lemma 3.5.2. We assume that X is regular. Let us fix an ample Q-Cartier divisor H 
on X. Let Pi, . . . , P/ e Spec(Ox) and let F Pl ,..., F P[ be prime divisors on X such that 
Fp. C 7i _1 (P,)/or all i. If A is an ample Q-Cartier divisor on X, then there is an effective 
Q-Cartier divisor MonX with the following properties: 

(a) Supp(M) c tt-^Pi) U • • • U n-\Pi). 

(b) A-M is divisorially n-nefwith respect to H, that is, deg H (A —M • T) > Ofor all 
vertical prime divisors T onX (cf. Subsection I2.2|). 

(c) deg H (A - M ■ F) = for all closed integral integral curve F on X with F c 
n~ l {Pi) U • • • U tt\Pi) and F + F Pi {Mi). 

Proof. Let us begin with the following claim: 

Claim 3.5.2.1. Let n~ 1 {Pk) = flifi + • • • + a n F n be the irreducible decomposition as a 
cycle, where ai e Z >0 . Renumbering F\,..., F n , we may assume F Pk = F\. Then there are 

X\,...,x n G Q >0 such that if we set Mk = X\F\ H h x„F n , then deg H (A - Mk ■ F\) > 

and deg H (A - Mjt • F ; ) = Ofor i = 2, . . . , n. 

Proof. By Lemma IZ2.ll there are X\,...,x n e Q such that 
(deg H (F 2 -Fi) deg H (F 2 -F 2 ) ••• deg H (F 2 • 



\ 






'deg H (A 




/ 






,deg H (A 





Vdeg H (F„-F!) deg H (F n -F 2 ) ••• deg H (F„ • 

Replacing x, by + to,, we may assume that x, > for all i. We set Mjt = 
X\F\ + ■ ■ ■ + x n F n . Then deg H (A - Mk ■ F,) = for all i = 2, . . . , n. Here we assume 
that deg H (A -M k -F 1 )<0. Then 

< deg H (A • Fi) < deg H (M fc • F x ), 

and hence 

n 

deg H (M fc ■M k ) = Y J *i deg H (M k ■ F f ) 
(=i 

n 

= x x deg H (M,t -Fi) + Yj x i de gff( A • f i) > °- 

i=2 

This contradicts to Zariski's lemma (cf. Lemma [l.l.4|> . □ 



Let Mi, . . . ,M n be effective Q-Cartier divisors as the above claim. If we set 

M = Mi + • • • + Mi, 

then M is our desired Q-Cartier divisor. □ 
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The following theorem is a partial answer to the fundamental question. 

Theorem 3.5.3. Let D be a pseudo-effective arithmetic IR-Cartier divisor of C°-type. If 
d > 2 and D is numerically trivial on Xq, then T* (X, D) ^ 0. 

Proof. Let us begin with the following claim: 

Claim 3.5.3.1. We may assume that X is regular. 

Proof. By (H Theorem 8.2], there is a generically finite morphism p. : Y — > X 
of projective arithmetic varieties such that Y is regular. Clearly we have the 
following: 

(D is pseudo-effective => //(D) is pseudo-effective, 

\D is numerically trivial on Xq => //(D) is numerically trivial on Yq. 

Let Div Cur (X) R be the vector space over R consisting of pairs (D, T), where D is 
an IR-Cartier divisor D and T is an F^ -invariant (1, l)-current of real type. We can 

assign an ordering > to Divc ur (X) R in following way: 

(D lr Ti) > (D 2 , T 2 ) <=> D 1 >D 1 and T x > T 2 . 
In the same way, we can define Divc ur (Y) R and the ordering on Divc U r(Y) R . Let 

p.* : Div Cur (Y) R -h> Div C ur(X) R 
be a homomorphism given by f/»(D, T) = (/i»(D), /i»(T)). Let 

N : Rat(Y) x ^ Rat(X) x 
be the norm map. Then it is easy to see the following: 

= (N(iO) for xj> £ Rat(Y) x , 
< iu(p*{D)) = deg(Y X)D for D e Div c o(X) R , 
(Pi, Ti) > (D 2 ,T 2 ) =^> iu(Di,Ti) > ^(D 2 ,T 2 ). 

The first equation yields a homomorphism 

^ : PT3iv(Y) R -> PDiv(X) R . 

Thus the claim follows from the above formulae. □ 

First of all, by Theorem 123.31 Dq g PDiv(XQ) R . Thus there are z £ PDiv(X) R , 
a vertical R-Cartier divisor E and an Foo-invariant continuous function rj on X(C) 
such that D = z + (E,rj). 

Claim 3.5.3.2. We may assume the following: 

(a) E is effective. 

(b) There are Pi,. . . ,P\ e Spec(Oi<) suck f/wf Supp(E) c n x {Pi) U • • • U 7i _1 (Pi). 

(c) For each i = there is a closed integral curve F Pi on X such that F Pi c 
7i _1 (P,) and F P . <£ Supp(E). 

Proof. Clearly we can choose Pi,..., Pi £ Spec(Ox) and /Si, . . . , f>\ £ R such that if 
we set E' = E + j8i7i _1 (Pi) + • • • + frn^tfi), then £' satisfy t he ab ove (a), (b) and (c). 
Moreover, since the class group of Ok is finite (cf . Remark r3.4.8|) , there are n, £ Z >0 
and f £ K such that n^P, = /;0 K . Thus jSiTi-^Pi) + • • • + §in~\Pi) £ PDiv(X) R , and 
hence the claim follows. □ 



40 



ATSUSHI MORIWAKI 



Note that (E, rj) is pseudo-effective by Lemma 12.3.41 By Lemma [2.3.51 there is a 
locally constant function A on X(C) such that (E, rj) > (E, A) and (E, A) is pseudo- 
effective. Let us fix an ample arithmetic Cartier divisor H = (H, h) on X. Then, by 
Lemma [3.5.21 there is an effective vertical Q-Cartier divisor M such that 

deg H (H - M • E) = and deg H (H - M • T) > 

for all vertical prime divisors T. 

Claim 3.5.3.3. There is a constant c such that if we set h' = h + c, then 



deg^(H - M,h') ■ H •(r,0)j>0 
for all horizontal prime divisors T on X. 

d-2 

Proof. Note that deg((H, h) ■ H ■ (T, 0)) > 0. Thus it is sufficient to find a constant 
c such that 

deg((M,-c)-Ef~ 2 -(r,u))<0 
for all horizontal prime divisors T on X. We choose Qi, Q m e Spec(0 K ) and 
a m G R >0 such that M < Y!i=\ a i n l (Qd- We also choose a constant c such 

that 



c[K : Q]>£« ; - log #(0 K /Qd. 



Then 



deg((M,-c)-H~ -(r,0)) 

(( m 

<deg aiTi-^Q^-c 



!=1 



» deg(Hf 2 -r Q ) 



[K:Q] 



h -(r,o) 

log #(CWQ,) - c deg(Hj" 2 • r Q ) < 0. 



□ 



Let L = (E, k) be an effective R-Cartier divisor of C°-type. Then, since 

deg |(H - M, ft') • if' 1 ■ (E, 0) j > 
by the above claim, we have 

de^((H-AW-H" 2 -{L,k)\ 



-d-2 



> deg \{H-M,h')-H • (0 



7 z Jx(C) 



kdiHf' 1 > 0. 



— d-2 



In particular, 

deg((H - M, fr') ■ H ~ • (E, A)) > 
because (E, A) is pseudo-effective. Note that 

/ \ r _ 

V A a cUH)^ 1 . 
Jxo 



deg((H-M,^)-H" 2 -(E,A)) = i 



'X(C) 
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Therefore, LaeK(c) ^ - ®> an d hence, by Proposition 13.5.11 there are U\, . . . , u s G K x 
and y\, . . . ,y s G R such that yi(ui) H + y s {u s ) < (0, A). Thus 

D = z + (E, 77) > z + (0, A) > z + yi(tti) + • • • + y s {u s ). 

□ 

Corollary 3.5.4. If d = 2, D is pseudo-effective and deg(Dq) = 0, then the Zariski 
decomposition ofD exists. 

3.6. Multiplicative generators of approximately smallest sections. In this sub- 
section, we define a notion of multiplicative generators of approximately smallest 
sections and observe its properties. It is a sufficient condition to guarantee the 
fundamental question (cf. Corollary |3.6.4[) . Let D be an arithmetic R-Cartier 



divisor of C°-type on X. Let us begin with its definition. 

Definition 3.6.1. We assume that T x (X, D) ^ 0. Let (p\, . . . , cpi be R-rational func- 
tions on X (i.e. cpi, . ..,(pi G Rat(X) x ). We say (pi, . . .,(pi are multiplicative generators 

of approximately smallest sections for D if, for a given e > 0, there is n G Z >0 such 
that, for any integer n with n > n and r x (X,nD) ^ 0, we can find a.\, . . .,a\ G R 
satisfying (p^ 1 ■ ■ ■ (pf G r x (X, nD) and 

WZ ■ ■ ■tfll^sup < ^minfll^H^p | G r x (X,nD)} . 

First let us see the following proposition. 

Proposition 3.6.2. We assume that T x (X, D) ^ 0. Lef cp^ ...,q>ibe It-rational functions 
on X. Then the following are equivalent: 

(1) (pi, ...fCpiare multiplicative generators of approximately smallest sections for D. 

(2) There are X\, . . . , Xi G R such that (p* 1 ■ • ■ <p*' G T x (X, D) and 

||<p? ■ • -cpf \\ g , suv < inf {||/|| x , sup | / G r x (X,D)} . 

Note that if we set ip = (p* 1 ■ ■ ■ <p*' in (2), then ip forms a multiplicative generator of 
approximately smallest sections for D. 

Proof. It is obvious that (2) implies (1), so that we assume (1). Let m be a positive 
integer with T X (X, mD) ^ 0. Here, let us check the following claim: 

(\ l/nm 
min{p|| nmg/Sup | h G r x (X,nraD)}J exists and 

(\l/nm i i 

min{||/z|| nwg/SUp | h G T X (X, nmD)}) = inf {||/||^ sup | / G T x (X, D)j . 

Proof. If we set 

a n = min{||/i|U g;SU p | h e T x (X,nmD)}, 

thenfl n+ „/ < a n a n > for all n, n' > 0. Thus it is easy to see that lim,,^ a]j " = \rd n>0 {a]l n }, 
which means 

/ x \l/nm 

lim ^min{||^|| Mrag/Sup | h G T (X,nmD)}J 

= inf {min{p 1/nm || g , SU p | h G r x (X,nmD)}} . 
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On the other hand, by (3) in Lemma [3.1.11 

r*(X,D) = T^(X,mD) 1/m = {jT x (X,nmD) 1 



\l/nm 
n>0 

and hence the claim follows. □ 



By Corollary 13.3.31 there exist X\, . . . , %i e E. such that if we set 
O = . . . , a x ) e R' | <p« ■ ■ ■ cp"/ e r£(X, D)} , 
then (xi, ...,J[)6 and 

On the other hand, by definition, for a given e > 0, there is n G Z >0 such that, 
for any integer n > n , we can find Ci, . . . , c\ G R satisfying (p^ 1 • • • cp^ G r*(X, nmD) 
and 

ll^i 1 • • •ViWnmgjsup £ e enm min{\\h\\ nmgiSup I h e r x (X,nraD)}. 
Thus, as (ci/nm, . . .,ci/nm) G O, 

(\ l/nm 
min{p|U g/Sup | ft G r x (X,nmD)}) 

for n > Hq. Therefore, by Claim [376.2.11 

/ \l/nm 

\\<Pi ■ ■ -<pf ll^sup < e e Jim (rnin{||/i|| nmg/Sup | e r x (X,nmD)}j 
= e e inf{||/|| g/Sup |/Gr x (X,D)}. 
Thus (2) follows because e is arbitrary. □ 
By Corollary |3AE if d = 1, then we can find i/> G r*(X, D) such that 

II y llg,sup 

= inf{||(/)|| g/Sup |(/)Gr x (X,D)}. 

Note that the above ip yields a multiplicative generator of approximately smallest 
sections. The same assertion holds if we assume the existence of multiplicative 
generators of approximately smallest sections. 

Theorem 3.6.3. We assume that T X (X,D) + 0. If D has multiplicative generators of 
approximately smallest sections, then there exists xp G r*(X, D) such that 

II Y Hg/Sup 

= inf{||(/)|| g/Sup |^Gr x (X,D)}. 
Proof. By Proposition 13.6.21 it is sufficient to see the following inequality: 
(3.6.3.1) inf {||/|| g/Sup | / G T X (X,D)} < inf {||c£|| g/Sup | cf> G T*(X,D)} . 

Let r\ G T* (X, D), D' = D + (rf) and g' = g - log \rj\ 2 . Then 



//T7l/Gr x (X,D)}, 
^|(/)Gr x (X,D)}, 



r x (x,D') 
r x (x,D') 

[\\<t>h\\g>w = \\<PWg,su P for (p G T X (X,D), 
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and hence 

finf {ll/'ll g <,sup I /' e rj(X,D')} = inf {ll/IUp I / e IJftD)), 
[inf {ll^H^up I </>' e P R (X,D')j = inf {||^|| g;Stip | e r*(X,D)} . 

Therefore, in order to see (|3.6.3.1[) , we may assume that D is effective, that is, if we 
set D = Z d T T, then rf r > for all T. 

Let (/) be an arbitrary element of r* (X, D). Then we can find ft ...,f r e Rat(X)* 

and G R such that (p = ft ■ ■ ■ ft' and a.\,. . . ,a r are linearly independent 

over Q. Let S be the set of codimension one points of (J!=i Supp((/y)). 

Claim 3.6.3.2. If e is a positive number, then ord r ((/> 1/(1+e) ) + dp > 0/or all 1 G S. 

Proo/. It is sufficient to show that ord r (^>) + (1 + e)d Y > for all T G S. First of all, 
note that ord r ((/>) + dr ^ 0. If either ord r ((/)) > or d T > 0, then the assertion is 
obvious, so that we assume ordr((/)) < and rfr = 0. Then 

ordr((/>) = a.\ ordr(/i) H 1- fl f ordr(/r) = 0, 

which yields ordr(/i) = • • • = ordr(/,) = 0. This is a contradiction because T G 
S. □ 

As <f>W +e '> = ft /(l+e) ■ ..ft^ l+e \ by Claim 13.6.3.21 we can find 5 > such that 
ft ■ ■ ■ ft G r* (X, D) for all (x t/ . . . , x r ) G W with 

|xi - + e)| + • • • + \x r - a r /(l + e)\ < 5. 
We choose a sequence {t n = (f nl/ . . . , f m -)C=i of Q r such that 

\t nl - «i/(l + e)\ + ■ ■ ■ + \t m - Or/(l + e)\ < 5 
and limn^oo t n = («i/(l + e), . . .,a r /(l + e)). Then 

inf {ii/iUp i / g r^(XD)} < ll/;- 1 • • -frhsup 

because ft 1 ■ ■ ■ ft' G r* (X, D). Thus, by using Proposition 13.2. ll we obtain 
inf {||/IU P I / 6 r*(X,D)} < ll4> 1/(1+e) ll g ,su P , 

which implies inf |||/|| g , sup | / G r*(X,D)} < ||(/)|| c? , SU p by Proposition 13.2.11 again. 
Therefore, we have (|3.6.3.1|) . □ 

As a corollary, we have the following: 

Corollary 3.6.4. We assume the following: 

(1) r*(X,D + (0,e)) t for any e > 0. 

(2) D has multiplicative generators of approximately smallest sections. 
ThmT*(X,D) *0. 

Proo/. By the above theorem, there exists i/> G r* (X, D) such that 

My llg,sup 

= inf{||(/)|U P l^er^(X,D)}. 

Since T* (X, D + (0, e)) * 0, we can find G T* (X, D) with ||0|| g/Sup < e £/2 , and hence 
^,sup ^ e e/2 - Therefore, ||i^||g /S up < 1/ as required. □ 
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Remark 3.6.5. (1) We assume that D G Div(X) Q . Then T*(X,D) is dense in 
r*(X,D), that is, for ■ ■ ■ e r*(X,D) with fl a/ ... ,a r e E. and f lf ...,f r e 
Rat(X) J, there is a sequence {(a ln , . . . , fl ra )}" =1 in Q r such that Z" 1 " • • • f""' e r* (X, D) 
and lim„_ >00 (fli n/ ... / a rn ) = (fl i/ ...,fl r ). In particular, r*(X, D) ^ if and only if 
T^(X, D) ^ 0. This fact can be checked as follows. Clearly we may assume that 
d\, . . . , a r are linearly independent over Q. Let S be the set of codimension one 
points of (J, Supp((/ f )) and D = Er d T T (d T e Q). If (Qfli + • • • + Qa r ) n Q = {0}, 
then it is easy to see that ord T (f^ ■ ■ ■ f} r ) + d T > for all T G S. Thus the asser- 
tion follows. If (Qfli + • • • + Qa r ) n Q = Q, then we may assume that a\ G Q and 

(Qa 2 H 1- Qflr) n Q = {0}. Thus, as before, we can find a sequence {(fl2n/ a m)}™ =1 

in Q'" 1 such that f 2 2n ■ ■ ■ f r m G r* (X, (ft 1 ) + D) and lim^ 0O (fl 2n , . . . , O = (a 2/ a r ), 
as required. 

(2) The assertion of (1) does not hold in general. For example, let = 
Proj(Z[T , Ti]) and a G JR >0 \ Q. Then I*(X,a(Ti/T )) * and r*(X,a(Ti/T )) = 0. 
Indeed, z fl G r*(X,a(Ti/T )), where z = T /Ti. Moreover, if r*(X,a(Ti/T )) * 0, 
then there are n G Z >0 and / G Q(z) such that (/) > na(z). In particular, / G Q[z], 
so that we can set f(z) = Yji= s c i z \ where < s < t, c s 4- and c t + 0. Note that 
ordo(/) = s and ordoo(/) = —t. Thus na < s < t < na, and hence na = s = t. This is a 
contraction because a G R >0 \ Q. 

Finally let us consider a sufficient condition for multiplicative generators of 
approximately smallest sections. Let us fix an Foo-invariant continuous volume 
form Q on X with Q = 1. We assume that r^(X,D) + 0. The natural inner 
product ( , } M g on H°(X, nD) <g> R is given by 

<fP>ty)t35-= f <P^exp(-ng)Q (<p,i}> €H°(X,nD)). 

Jx(C) 

For (pi, . . . , (pi G H°(X, D) and A = ...,«/) G Z^, (p" 1 • ■ • cp"' is denoted by ^ A for 
simplicity. Note that (p A G H°(X, |A|D), where |A| = a x + ■ • ■ + a x . 

Definition 3.6.6. We say (p\, ...,cpi G H°(X, D) \ {0} is a well-posed generators for D 
if, for n » 1, there is a subset E n of {A = (a^ ...,«;) G Z z >0 | «! + ••• + a; = n} with 
the following properties: 

(1) {<p A \Ae £„} forms a basis of H°(X, nD) ® Q over Q. 

(2) Let (cp A | A 6 Z„) z be the Z-submodule generated by {<p A \ A G E„} in 
H°(X, nD), that is, (<p A \ A G E„> z = L A6E „ Z <p A . Then 

limsup(#(H°(X,nD)/(<p A | A G E n ) z )) 1/n = 1. 

n—ioo 

(3) For a finite subset . . . , ip r } of H°(X, nD) K , the square root of the Gramian 
of . ..,ipr with respect to < , > n p is denoted by vol({i/>i, . . . , i/v}) (for details, 
see Conventions and terminology H} . Then 
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Proposition 3.6.7. If (pi, . ..,<p\ G H°(X,D) \ {0} are well-posed generators for D, then 
(pi, . . . , (pi are multiplicative generators of approximately smallest sections for D 

Proof For a given e > 0, we set e' = e/6. First of all, there is a positive integer no 
such that 

r n = #(H°(X,nD)/(<p A \ A e L n ) z ) < e n£ ' 

and 

vol({<p B | B e £„}) > ^ 

V<<p A ,«p A )vol({<p B | B e L n \ {A}}) ~ ^ 

for all n > n and A G E„. Let W A be the subspace generated by {<p B }Bez n \\A} over 
R. If 0a is the angle between <p A and W A , then, by Lemma 11.1.21 

. , vol({«p B | B e 

V<<p A ,<p A >vol({<p B | B e E„ \ {A}}) 

and hence 

cos(0 A ) = ^/l-sin 2 ^) 

< Vl - e" 2 " e ' < 1 - (l/2)e" 2ne ' 
for all A e E n . Therefore, for y G W A , 

|<<p A ,y)| < cos{d A ) ^{<p A ,<p A )J{y~y) 

< (l - (1/2K 2 -') - N /(^,<p^) V(y7y)- 

Let G r x (X,nD). Then we can find a A e Q (A e E„) such that (p = Eage„ a A<p A - 
Note that r„flA s Z for all A G £„. Let us choose A G L n such that Aa ^ 0. We set 
!/ = Xm€E„\I4)) fl A<p A - Then = a Ao <p A ° + y. Since e ne '\a Ao \ > \r n a Ao \ > 1, 

(cp f 0) = a 2 Ag ((p Ao ,(p A °) + 2a Ao {<p A \ y) + (y, y) 

> a 2 Ao {<p A \<p A °) + (y, y) - 2\a Ao \\{<p A \ y)\ 

> a Ao (<p A °,<p A °) + (y, y) - 2\a Ao \ ^p~\^) ^[{y~y){l - (1/2)^') 
= (1 - (l/2)e" 2 -') (\a Ao \ ^o /<p a o) _ V(y7^)) 2 

+ (l/2)e- 2 -' (a Ao (<p A °,<p A °) + (y,y)) 

> (l/2)e-* n£ '(e ne 'a Ao ) 2 (<p Ao ,<p Ao ) > {ll2)e^ ne '{<p A \<p A °). 

On the other hand, by Gromov's inequality (cf. [17, Proposition 3.1.1]), choosing 
a larger n if necessarily, Hi/'llgup < e n£ '(xp,\p) for all n > n and xp G H°(X,nD). 
Moreover, we may also assume that 2 < e ne ' for all n > 7% Thus 

^ e H0llLp = e 6 " e '||^HLp > 2e 5 " e '||^||2 up 

> 2e 5ne ' >e ne '((p Ao ,<p Ao ) 

> ll<P A °llsup, 

as required. □ 
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Example 3.6.8. Let F d z = Proj(Z[T ,Ti,. . .,T d ]), H,- = {T, = 0} and z { = T ? /T for 

i = 0,1, ...,d. Let D = (H , g) be an arithmetic Cartier divisor of C°-type on 
Pi. Moreover, let Q be an Foo-invariant continuous volume form on P rf (C). We 
assume that there are continuous functions a and b on R> such that g{z\, . . . ,Zd) = 
fl(|zi|,...,|z rf |)and 



Q 



In ) 



b(\zi\, \Zd\)dzi A dzi A • • • dzd A dzd- 



Arithmetic Cartier divisors considered in IIT8B satisfy the above condition. 
Here let us see that \,Z\, . . . ,Zd are well-posed generator for D. We set 

Z„ = {{a 1 ,...,a d ) e Z^ | a x + ■■■ +a d < n}. 
Then {z a }a£T.„ forms a free basis of H°(P^, nH ). Moreover, if we set 

Zi = n exp(27i V^T©/) (i = 1, . . . , d), 

then 

r ( d x 

{z A ,z A ') ng = j | 2rf ,+A;+1 exp(27i V^I(A, - 

J^ x[ai] rf ^t=i 

x exp(-na(ri, . . . , r d ))l>{ri, r d )dn • • • dr d ddi ■ ■ ■ dd d , 
which implies {z A ,z A ') ng = for A, A' e L n with A ± A', and hence 
vol({2 B | B G E»}) = V(z A ,2 A )vol({2 B | B 6 E n \ {A}}) 

for all A e £„. 
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